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Abstract. We classify non-algebraic compact Kahler threefolds admitting an 
endomorphism f : X ^ X oi degree at least two. 
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1. Introduction 

An endomorphism of a compact complex manifold X is a surjective map f : X ^ X, 
usually assumed to be of degree d at least two, i.e. automorphisms are excluded. 
Endomorphisms of projective manifolds were intensively studied in the last years 
|Bea,nil [T^ijMl INakn2l IHMn3l lAmen.^i iFNilfil [FNOTI INZHtI iNakHsl lAKPnSI [T#i9] . 
For example if X is a smooth projective threefold and / is etale, X is completely 
classified up to etale cover. Also the higher-dimensional case is intensively treated 
but far from being completely understood. 

In this paper we classify all non-algebraic three-dimensional compact Kahler man- 
ifolds X admitting an endomorphism / regardless whether / is ramified or not. 
Before we state our classification results let us give an example how the non- 
algebraicity assumption gives additional restrictions on the existence of endomor- 
phisms. 

1.1. Theorem. Let X be a non- algebraic compact Kahler manifold of dimension 
n which admits a meromorphic endomorphism f : X X of degree d > 1. Then 
k{X) ^ n - 1. 
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In fact if k{X) = n — 1, the litaka fibration coincides with the algebraic reduction, 
which is an eUiptic fiber space over a projective manifold of dimension n — 1. The 
existence of the endomorphism gives rise to a meromorphic multi-section of the 
fibration, and therefore any two points of X can be joined by a chain of compact 
curves. Hence X is projective due to a result of Campana. 

If the manifold is not uniruled our results can be summarised as follows. 

1.2. Theorem. Let X be a compact non-algebraic Kahler threefold which is not 
uniruled. Suppose that X admits an endomorphism f : X ^ X of degree d > 1. 
Then (up to etale cover) one of the following holds: 

1. ) k{X) = : then either 

a) X is a torus or 

b) X is a product Y xE where Y is bimeromorphic to a torus or K3 surface 
and E an elliptic curve. 

2. ) K,{X) = 1 : then either 

a) X is a product C x. A where C is a curve of general type and A is a 
two-dimensional torus of algebraic dimension at most one or 

b) X is a product E x S where E is an elliptic curve and S an elliptic 
surface of algebraic dimension one. 

If / is ramified, it is a basic fact that Kx is not pseudoeffective. If X is algebraic, 
then X is uniruled (cf. |BDPP04] which is based on a theorem of Miyaoka-Mori 
using characteristic p methods) . In the Kahler case the uniruledness is only known 
in dimension three due to a remarkable result of Brunella |Bru06j . 

1.3. Theorem. Let X be a compact non-algebraic Kahler threefold of algebraic 
dimension a{X) which is uniruled. Suppose that X admits an endomorphism f : 
X X of degree d> 1. If f is ramified, then (up to etale cover) one of the following 
holds. 

1. ) a{X) = : then X is a projectivised bundle P(i?) over a torus A of algebraic 

dimension zero, f induces an endomorphism on A of degree at least two, 
and E is a direct sum of line bundles. 

2. ) a{X) = 1 : then either 

a) X is a product S xP^ , where S is a compact Kahler surface of algebraic 
dimension zero and f induces an automorphism on S or 

b) X is a projectivised bundle P(E) over a torus A of algebraic dimension 
at most one, f induces an endomorphism on A of degree at least two, 
and E is a direct sum of line bundles. 

3. ) a{X) = 2 : then either 

a) X is a product F x where Y is a surface of algebraic dimension one 
and f induces an automorphism on Y or 

b) X is a projectivised bundle P{E) over a torus A of algebraic dimension 
one and f induces an endomorphism g of degree at least two on A. 

If f is etale, then X is (up to etale cover) a projectivised bundle F{E) over a 
non-algebraic torus A and Ci{E) = 4c2(-E). 

In the projective case Mori theory is heavily used to pass to minimal models. In the 
Kahler case only rudiments of Mori theory are known (see Section 13. Bp , but they 
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suffice in the special cases we are interested in. Moreover the algebraic reduction 
provides a powerful tool. 

Guide to the reader. In Section [2] we recall the basic definitions and gather various 
results which will be used at some point in the paper. In Section [3] we prove 
new statements in the Mori theory of compact Kahler threefolds which should 
be interesting in their own right. Together with the results from |Pet98[ IPetOlj 
they allow us to establish a MMP for compact Kahler threefolds admitting etale 
endomorphisms of degree at least two. A crucial point is that the contractions 
never contract a divisor to a point, so that we always stay in the smooth category. 
Section m provides results that would be trivial in the projective case: based on a 
discussion of the fixed point set of torus endomorphisms, we establish the existence 
of multisections for torus fibrations commuting with an endomorphism. Using a 
theorem of Nakayama and Zhang, the proof of Theorem ll.ll is then an easy exercise 
(cf. page [19]) . The Theorems 11.21 and 11.31 are proven in the Sections [5] and [6] 
respectively. These two sections are the core of this paper, we advise the reader to 
start here and skip the preceding technical sections for the first reading. 

Acknowledgements. We would like to thank T.-C. Dinh, C. Favre, P. Popescu- 
Pampu and N. Sibony for very helpful discussions on this subject. We also thank 
the Research Group "Classification of Algebraic Surfaces and Compact Complex 
Manifolds" of the Deutsche Forschungsgemeinschaft DFG for financial support. 

2. Notation and basic results 

For standard definitions in complex geometry we refer to |Har77j or |KK83) . More- 
over we refer to |BHPVdVQ4j for basic results on surfaces and to |Fuj83| to the 
classification theory of higher-dimensional non-algebraic varieties. Manifolds and 
varieties are always supposed to be irreducible. We will always assume implicitly 
that a compact Kahler manifold/surface/threefold is smooth. If a certain statement 
holds for a singular variety, we will mention what types of singularities are allowed. 

We say that a certain property holds for a general (resp. very general) point x G X 
if there exists a finite (resp. countable) union of proper subvarieties of AT such that 
the property holds for every point in the complement. 

2. A. Endomorphisms. 

2.1. Notation. Let X be a compact complex variety that is normal or Gorenstein. 
An endomorphism is a holomorphic surjective map f : X ^ X. It is easy to see 
that f is a finite map, so the ramification formula 

Kx = fKx + R 

holds and we will call the support of R the ramification locus. The support of the 
cycle theoretic image B := f^,R will be called the branch locus. We will say that f 
is etale (in codimension one) if R is empty. 

Remarks. 1. If X is smooth, an endomorphism that is etale in codimension one 
is etale in every point. 

2. Analogously one defines a meromorphic endomorphism of a compact complex 
variety as a meromorphic dominant map / : AT --^ AT. 
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The following well-known results will be used many times in this paper: 



2.2. Lemma. Let X be a compact Kahler manifold of dimension n, and let f : 
X ^ X he an endomorphism of degree d > 1. Then f is finite. The linear maps 

f* :H*{X,Q)^H* {X, Q) and /, : H* {X, Q) ^ H* {X, Q) 

are isomorphisms. More precisely we have f^f* = d Id. 

// / is etale, we have 

. x{X,Ox)=0, 

• e{X) := Xtop{X) = Cn{X) ^ 0, and 

• i^x = 0. 

2.3. Lemma. Let X be a compact Kahler variety of dimension n, and let f : X ^ 
X be an endomorphism of degree d > 1. Let D be a Cartier divisor on X such that 
f*D =nuni rnD for some m G N. Then we have D" ~ or d = m". 

In particular if D is an effective divisor that is not contained in the branch locus of 
f and such that f~^{D) — D, we have D" = 0. 

Proof. Since /*/* = d Id, we see that 

m"!?" = (/*£>)" = /*(£>") = dD'\ 

so the first statement is immediate. For the second statement observe that the 
hypothesis implies that f*D ~ D. □ 

The next statement shows that from the point of view of endomorphisms, it is quite 
natural to treat separately uniruled and non-uniruled manifolds. 

2.4. Proposition. Let X be a smooth compact Kahler threefold and f : X ^ X 
be a ramified endomorphism of degree d > 1. Then X is uniruled. 

Proof. By [AKPQSi Thm.4.1] the canonical divisor Kx is not pseudo-effective, i.e. 
the class of Kx is not contained in the closure of the Kahler cone. Therefore by 
|Bru06t Cor. 1.2], X is uniruled. □ 

2.B. Fibrations. A fibration is a proper surjective morphism ip : X ^ Y with 
connected fibres from a complex manifold onto a normal complex variety Y. A 
fibre is always a fibre in the scheme-theoretic sense and will be denote by (p~^{y) 
or Xy. A set-theoretic fibre is the reduction of the fibre. The (/9-smooth locus 
is the largest Zariski open subset Y* C Y such that for every y G Y* , the fibre 
tp~^{y) is a smooth variety of dimension dimX — diuiY. The (^-singular locus is 
its complement. 

Let us recall the rigidity lemma that will be used many times in this paper. 

2.5. Lemma. Let f : X ^Y and g : X ^ Z be fibrations. Suppose that for every 
z € Z the fibre g~^{z) is mapped by f onto a point. Then there exists a holomorphic 
map h : Z ^ Y such that f — ho g. 

If moreover g is flat the same conclusion holds if at least one g-fibre is contracted 

byf. 
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2.6. Definition. A meromorphic map (f : X Y from a compact Kahler man- 
ifold to a normal Kahler variety is almost holomorphic if there exist non-empty 
Zariski open subsets X* C X and Y* cY such that (p\x' ■ X* Y* is a fibration. 
In particular for y £Y a general point, the fibre ip^^{y) exists in the usual sense 
and is compact. 

The importance of almost holomorphic maps is due to the fact that every compact 
Kahler manifold admits such a fibration that separates the rationally connected 
part and the non-uniruled part: the rationally connected quotient. 

2.7. Theorem. [KolOG', Thm.5.4],fCam04l Thm. 1.1], |GHS03p Let X be a 



compact Kahler manifold. Then there exists an almost holomorphic fibration 
ip : X --^ Y onto a normal compact Kahler variety Y such that the general fi- 
bre is rationally connected and the variety Y is not uniruled. This map is unique 
up to meromorphic equivalence of fibrations |Cam04] and will be called the rationally 
connected quotient. 

2.C. Endomorphisms that preserve fibrations. 

2.8. Definition. Let X be a compact Kahler manifold, and let f : X ^ X be an 
endomorphism of degree d > 1. Suppose that X admits a fibration (p : X —> Y onto 
a normal Kahler variety Y . If there exists an endomorphism g : Y Y such that 
g o ip = if o f , we say that f preserves the fibration and g is the endomorphism 
induced by f on Y. 

All the natural fibrations attached to a variety are preserved by an endomorphism. 

2.9. Proposition. Let X be a compact Kahler manifold, and let f : X X be an 

endomorphism of degree d > 1. 

1. Let a : X ^ Alb{X) be the Albanese map. Then there exists an endomorphism 
g : Alb{X) Alb{X) such that g o ip — ip o f . 

2. Let ip : X --^ Y be the litaka fibration. Then there exists a automorphism 
g -.Y ^ Y such that g o ip — p o f . 

3. Let ip : X Y be the rationally connected quotient of X. Then there exists a 
meromorphic map g : Y Y such that g o ip — ip o f . 

Proof. The first statement follows immediately from the universal property of the 
Albanese map, the second statement can be shown as in |Fuj02[ Prop. 2. 5] where the 
projectiveness assumption is actually not used. For the last statement, note that 
up to replacing F by a Zariski open dense subset, we may suppose that the almost 
holomorphic map p) is holomorphic. By the rigidity lemma it is sufficient to show 
that a general (^-fibre F is contracted by p}o f . Since F is rationally connected and 
Y is not uniruled, this is trivially true. □ 



Before we can prove an analogue of Proposition 12.91 for the algebraic reduction, we 
need one more definition. 



^The statement in [Kol96) is in the algebraic setting, but the same proof goes through in 
the compact Kahler category: the main technical tool [Cam04l Thm. 1.1] holds in this larger 
generality. 



2.10. Definition. Let X he a compact Kcihler manifold. An integral effective 
divisor D <Z X is polar if there exists a meromorphic function tp on X such that 
D c div{4)). 

2.11. Remark. If X is projective, every divisor is polar. If the algebraic dimension 
is zero, every divisor is non-polar. 

2.12. Proposition. Let X be a compact complex manifold that admits a mero- 
morphic endomorphism f : X — -> X. Denote by ip : X Y the algebraic 
reduction of X . Then there exists a meromorphic endomorphism g : Y ^ Y such 
that (fi o f = g o (fi. 

Remark. If X has algebraic dimension one the variety F is a smooth compact 
curve, so the meromorphic endomorphism extends to a holomorphic map. 

Proof. Up to replacing X by some bimeromorphic model we may suppose that the 
algebraic reduction is holomorphic. The endomorphism / acts by pull-back on the 
meromorphic function field 

C{X) = C{Y), 

and we define g to be the meromorphic map corresponding to /* : C{Y) C(y). 
Since everj^ polar divisor on X is contained in a pull-back from Y and the pull-back 
of a polar divisor is polar, one sees easily that (p o f = g o ip. □ 

2.13. Definition. Let Y be a normal compact Kdhler variety and let g : Y ^ Y 
be an endomorphism of degree at least two. We say that g is totally ramified in a 
point y €Y, if the set-theoretical fibre (5~'^(y))red is a singleton. 

2.14. Proposition. Let X be a compact Kcihler manifold, and let f : X ^ X be 
an endomorphism. Let ip : X ^Y be a surjective morphism onto a normal Kcihler 
variety such that there exists an endomorphism g lY ^Y such that g o p = ip o f . 

1. For m e N, set 

Trr,:={y&Y\ dixnp-\y) > m - 1}. 

Then we have (set-theoretically) g~^{Tm,) =Tm,. If Tm is finite and g of degree at 
least two, then g is totally ramified in every point of • 

2. Set 

R := {y G Y \ p~^{y) is reducible). 

Then we have (set-theoretically) g~^{R) = R. If R is finite and g of degree at least 
two, then g is totally ramified in every point of R. 

3. Let 

A := {y e y I <p~ (y) is singular} 

be the (p-singular locus and denote by R the branch locus of g. Then ^""'^(A) is 
contained set-theoretically in the union of A and the branch locus R. If g is etale, 
then (set-theoretically) g'^{A) = A. 

In particular if g is an etale map of degree at least two, then Tm, R and A are 
either of positive dimension or empty. 
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Proof. 1. Since g~^{Tyn) has at least as many irreducible components as T™, it is 
sufficient to show that g~^{Tm) C Tm. Yet if f € and y G g^^{t), then (f^^{y) 
surjects via / on ip~^{t), so dimip~^{y) > dim(^~^(t) > m— 1. If is finite, then 
^g'^iTm) > and equality holds if and only if g is totally ramified in every 

point of Tjn ■ 

2. Analogous to 1. 

3. If i e A and y E g~^{t) such that y ^ R, then for every x G (p~^{y) we have 

Since (p~^{t) is singular, there exists a point f{x) e ip^^{t) such that the tangent 
map does not have maximal rank. It follows that y E A. □ 

2.15. Lemma. Let X be a compact Kahler variety, and let f : X ^ X he an 
endomorphism of degree d > 1. Suppose that there exists a fibration (p : X C 
onto a smooth curve C and an automorphism g : C ^ C such that g o ip ^ cpo f . If 
Bi is an irreducible component of the branch locus of f , then Bi surjects onto C . 

Proof. By Proposition 12.141 the (/3-singular locus A satisfies 5~^(A) = A. Since 
A is finite, we can suppose, up to replacing / by f^ that g is the identity on A. 
We argue by contradiction and suppose that 'p{Bi) = c, then it is an irreducible 
component of the fibre Xc — p>*c. Suppose first that Xc is not a smooth fibre, then 
c G A which implies g*c — c. Therefore we have 

in particular rriiBi ~ f *Bi ~ Bi. Since the ramification index rrii is strictly larger 
than one, this implies that Bi is homologous to zero, a contradiction. If Xc is a 
smooth fibre, then Xc = Bi and g*c = c' with c' ^ A. The same computation shows 
that Xc' — f*Bi = rriiBi. Since Xc' is smooth, so reduced, we get a contradiction. 

□ 

The following statement generaHses |Ame03| Thm.l], its proof is a mere adaptation 
of Amerik's proof to our context. 

2.16. Proposition. Let X be a compact Kahler manifold, and let f : X ^ X be 

an endomorphism of degree d > 1. Suppose that there exists a fibration ip : X ^ Y 
onto a normal variety Y such that 

• there exists an automorphism g such that g o p — ip o f , 

• the general p-fibre is isomorphic to ¥^ , 

• the ip-singular locus A has codimension at least two in every point, and 

• any finite etale cover Y^o ^ ^ \ ^ extends ( maybe after a further finite etale 
cover) to a finite map Y' ^ Y . 

Then there exists a finite map Y' ^ Y such that X xy Y' is bimeromorphic to 
Y' xV^ . In particular we have a{X) = a{Y) + r. 

2.17. Remark. If Y is smooth, the last condition in the proposition is automati- 
cally satisfied. In fact we have 

7ri(r\A)~7ri(r), 
so we can even extend by an etale map. 
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Proof. Since g is an automorphism, the restriction of / to a general fibre induces 
an endomorphism of degree d > 1 and up to replacing / by some f'', we can 
suppose without loss of generality that d > r + 1. Then by |Ame03[ Prop. 1.1] 
the space of endomorphism of P*" of degree d has an affine geometric quotient 
R"'{F'',r)/PGL{r + 1) C C^. Thus the fibration ip induces a holomorphic map 
(r \ A) i^™(P^P'^)/FGL(r + 1) C C^. Since Y is normal, the map extends to 
a holomorphical map Y — > by Hartog's theorem. Since Y is compact, this map 
is constant. Arguing as in Amerik's proof of |Ame03| page 22, lineTff], we see that 
there exists an etale cover Yq ^ Y \ A such that the fibre product X Xy\a Yq is 
isomorphic to Yg' x P''. By the last condition, we know that (up to replacing Y^ 
by some higher etale cover), the etale cover extends to a finite map Y' ^ Y. By 
construction we then have a holomorphic map 

Fq' X P*^ '-^ a: Xy Y', 

and since (Y' x P*") \ (Fj x P'') has codimension at least two, we can apply |Gun90l 
Ch.P.,Thm.lO] to get a bimeromorphic map 

Y' X P'' X Xy Y'. 

□ 

2.D. Auxiliary results on compact Kahler surfaces. Recall that by the clas- 
sification of surfaces a compact complex surface of algebraic dimension zero that 
is in the Fujiki class is bimeromorphic to a torus or a K3 surface. The following 
technical lemma is well-known to experts, but for the convenience of the reader we 
include it and its (easy) proof. 

2.18. Lemma. Let S be a normal complex compact surface of algebraic dimension 
zero that is in the Fujiki class. Then there exists a bimeromorphic map S Smin 
onto a normal surface Smin that does not contain any curves. 

If S is bimeromorphic to a torus, then Smin is a torus. If S is bimeromorphic to a 
K3 surface, then Smin has at most rational double points. 

Moreover if D is an effective, non-trivial Cartier divisor on S then < 0. 

Remark. If S is bimeromorphic to a K3 surface, we will call Smin a singular K3 
surface. Although this has a completely different meaning in the theory of lattices 
of K3 surfaces, we hope that no confusion will arise. 

Proof. Suppose first that S is smooth, and let S" ^ S" be the minimal model of S. 
If S' is a torus, it has no curves since the algebraic dimension is zero. Thus in this 
case we can just set Smin — S'. 

If S' is a K3 surface, we proceed as follows: let D be an effective divisor on S' . 
Since the algebraic dimension is zero, we have h^{S',D) = 1 and h'^{S',D) = by 
Serre duality, so the Riemann-Roch formula yields 

-h\S',D) = ^D^ + i- 

In particular we have < 2. On the other hand by the adjunction formula 
2pa{D) — 2 = D^, so the non-negativity of the arithmetic genus Pa{D) impHes 
that D"^ — —2. If we apply this to effective reduced divisors D with one, two and 
three irreducible components, we see that every irreducible curve is smooth and 
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isomorphic to P^, two curves are disjoint or meet transversally in exactly one point 
and three curves never meet in the same point. Thus by |BHPVdV04[ Lemma 2.12] 
the configuration of curves are of type A-D-E. Since there are only finitely many 
divisors on S |FF79| Thm.], we can contract all the divisors by Grauert's criterion 
and obtain a normal surface Smin with at most rational double points. 

If S is singular we apply the first step to some desingularisation: thus there exists 
a meromorphic map /i : S Smin- Let T C S x Smin be the graph of the map, 
then the projection F — > 5 is bimeromorphic and has connected fibres by Zariski's 
lemma. Yet any positive-dimensional fibre would be a curve in Smin, so F ~ and 
/X extends to an isomorphism. 

Since any effective divisor on S is contracted by ^ to a point, the last statement is 
immediate from the easy direction of Grauert's criterion. □ 

2.19. Corollary. In the situation of the Lemma [2.18\ set So Smin\{pi, ■ ■ ■ ,Pr\ 
and let fio : S'q ^ So be an etale morphism. Then /io extends to a finite map 

■ S > Smin ' 

Proof. It is sufficient to show that we can extend /io locally. Yet by the lemma, the 
surface Smin has at most rational double points and these are quotient singularities 
of the form D^/G where G is a finite group. Thus if we take an etale cover of 
ID)^ \ (0,0)/G, we can lift it to the universal cover \ (0,0) and extend by the 
inclusion \ (0, 0) ^ B^. □ 

Since a smooth K3 surface is simply connected, it does not admit a (necessarily 
etale) endomorphism of degree at least two. This is no longer true for the singular 
K3 surface Smin- 

2.20. Example. Let ^ be a two-dimensional torus of algebraic dimension zero 
and let S be the corresponding Kummer surface. It is not hard to see that the 
Kummer quotient A/Z2 is the surface Smin- The multipHcation by rt G N gives an 
endomorphism of degree rt'* of the torus A which descends to an endomorphism of 
A/ 2,2 of degree at least two. 

The following proposition shows that the example is essentially everything that can 
happen. 

2.21. Proposition. Let S be a singular K3 surface of algebraic dimension zero, 
and let f : S ^ S be an endomorphism of degree d > 1. Then there exists a Galois 
covering v : A ~+ S by a torus that is etale in codimension one such that f lifts to 
an endomorphism fA'-A-^A of degree d. 

The proof is essentially a reproduction of the arguments used in |Nak08) for the 
algebraic case. For the reader's convenience, we give the basic ideas: 

Proof. By Lemma I2.18[ the surface S has only rational double points, so it is 
Gorenstein and has only isolated quotient singularities. Since S contains no curves, 
the endomorphism / is necessarily etale in codimension one. Thus by [NakOS^ 
Lemma 3.3.2] there exists a finite Galois covering i' : A ^ S that is etale in 
codimension one such that A is smooth and e{A) = 0. Moreover k{A) > and 
A has algebraic dimension zero, so it is a torus by the classification of compact 
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complex surfaces. Replacing the covering v hy a suitable one, we may suppose that 
degv < degi'' for every Galois covering v' : A' ^ S hy a torus A' that is etale 
in codimension one. Arguing as in |NZ07l Lemma 2.6], one sees that such a v is 
unique up to an isomorphism over S. Let W be the normalisation of an irreducible 
component of the fibre product AxgS such that the natural morphisms f':W^A 
and v' : W ^ S are surjective. Then we have a commutative diagram 




and /' is etale in codimension one. The variety A being smooth the map /' is etale, 
so W is a torus. By construction, we have deg ly' < deg v so the minimality of v 
implies that there exists an isomorphism i/j : A ^ W such that v' o ip = i/. The 
morphism /a f ° 4' has the stated properties. □ 

We would like to thank C. Favre for suggesting to us the proof of the next statement. 

2.22. Proposition. Let S be a compact Kahler surface that admits a relatively 
minimal elliptic fibration : S" ^ C ~ . Suppose that S admits a meromorphic 
endomorphism f : S S of degree d > I such that there exists an endomorphism 
g : C ~* C of degree at least two such that g o ip = o f . Then S is algebraic. 

Proof. We argue by contradiction and suppose that S has algebraic dimension one. 
Since g has degree at least two, there are infinitely many ip-Rhres that are isomorphic 
eUiptic curves. Since the j-invariant yields a holomorphic map j : C ^ P^, it must 
be constant. Thus all the smooth fibres are isomorphic and a look at the local 
behaviour of the j-invariant near the singular fibres |BHPVdV04^ V. 10, Table 6] 
shows that the singular fibres are multiple elliptic curves. Since S contains no 
curve that maps onto C, this impHes that S contains no rational curves. Thus the 
meromorphic endomorphism extends to a holomorphic endomorphism f : S S 
of degree d > 1. Since g is an endomorphism of P^ it is ramified, so / is ramified. 
Thus S is uniruled by |AKP08t Thm.4.1], a contradiction. □ 

We will need the following generalisation of |AKP08| Thm.4.1] for singular surfaces. 

2.23. Lemma. Let X be a compact Kahler threefold, and let f : X X be an 
endomorphism of degree d > 1. Let D C X be an irreducible divisor such that 
f~^{D) = D and such that fo'-D^D has degree at least two. If fo is ramified, 
the surface D is uniruled. 

Proof. We claim that the canonical divisor Ku is not pseudoeffective. Assuming 
this for the time being, let us show how to conclude: let v : D ^ D he the 
normalisation, then 

Kf^ = v*Kd - N 

where N is an effective divisor. Let tt : D' ^ D he the minimal resolution, then 

Kd' = n*Kf, - N' 
where N' is an effective divisor. Thus 



Kd' = ti*v*Kd -N' - TT*N 
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is not pseudoeffective, since Kd is not pseudoeffective. Since D' is a compact 
Kahler surface, this implies that D' is uniruled. 

Proof of the claim: We start by estabHshing a ramification formula on D. Since 
f^^{D) = D, we have f*D = mD where m G N is the order of ramification along 
D. Thus the ramification divisor i? of / is of the form 

R^{m- l)D + R' 

where R' does not contain D. Since Jd is ramified, the restriction R'^ R' H D is 
an effective, non-trivial Cartier divisor. By the ramification formula on X we have 
Kx = f*Kx + R, so the adjunction formula Kjj = Kx\d + Djj implies 

Kd-Dd = fhiKo -D) + Rd= fhKo - mDo + (m - 1)Dd + R'd, 

so 

Kd = fhKo + R'd- 

We proceed now as in the proof of [AKPOSj Thm.4.1]: let be the m-th iterate 
of /, then the ramification formula reads 

Kd = fm^D + fm-lR'o + • ■ • + f* R'd + R'd- 

Let WD be the restriction of a Kahler form a; to D. There exists a c > such 
that for every pseudoeffective line bundle L on D, we have L ■ uj > c. If Kb is 
pseudoeffective, then f*r^K]j ■ lu > 0, so 

Kd ■ ^ > "rnc 

for arbitrary m which is impossible. □ 

2.24. Lemma. Let S he a complex Gorenstein surface, i.e. the canonical sheaf 
exists and is locally free. Let f : S ^ S be an endomorphism such that Ks — f*Ks. 
Let V : S ^ S be the normalisation, and denote by N the effective Weil divisor on 
S such that Kg — v*Ks — N . There exists an endomorphism f : S ^ S such that 
vo f = f ov. Furthermore we have f^^{N) = N and f is etale in codimension one 
in the complement of N . 

Proof. The existence of / is immediate by the universal property of the normalisa- 
tion. 

For the second statement, note that we have an equality of Weil divisors 

r{K^ + N) = rv*Ks = y*f*sKs = Kg + N. 

Since by the ramification formula for normal surfaces we also have an equality of 
Weil divisors 

Ks = rKj. + R, 

where R is the ramification divisor, we get an equality of Weil divisors 

R = f*N - N, 

so iV is a completely invariant divisor of ff^ and fjj is etale outside N. □ 
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3. Compact Kahler threefolds 



3. A. Algebraic connectedness. 

3.1. Definition. Let X he a compact Kahler manifold. X is called algebraically 
connected if there exists a family of curves (Ct)t^T such that Ct is irreducible for 
general t ^ T and such that two very general points can he joined by a chain of 
Ct's. 

The following theorem of Campana illustrates the importance of this notion. 

3.2. Theorem. |Cam81j An algebraically connected compact Kahler manifold is 
projective. 

An immediate consequence of this theorem is that if AT is a compact Kahler threefold 
of algebraic dimension two, then the algebraic reduction of AT is almost holomorphic. 
Kthe algebraic dimension is one, this no longer holds in general, but only in special 
cases: 

3.3. Corollary. Let X be a compact Kahler non-algebraic threefold. Let f : X 

C be a meromorphic map onto a curve such that the general fibre is an algebraic 
surface. Then ip is holomorphic. 

Indeed the fibres of ip are algebraically connected and cover X . Thus they can't 
meet since otherwise X is algebraically connected. This shows that is almost 
holomorphic, but an almost holomorphic map onto a curve is holomorphic. 

The existence of an endomorphism of degree at least two allows us to assure the 
holomorphicity of the algebraic reduction in another situation. 

3.4. Proposition. Let X be a compact non-algebraic Kahler threefold of algebraic 
dimension one, and let f : X X be an endomorphism of degree d > 1. Suppose 
that the general fibre of the algebraic reduction is a compact Kahler surface of 
algebraic dimension zero. Then the algebraic reduction of X is holomorphic. 

Proof. Let : X' ^ X he a bimeromorphic map such that ip : X' ^ C is a 
holomorphic model of the algebraic reduction. The endomorphism / induces a 
meromorphic endomorphism /' : X' X'. By Proposition 12.121 there exists an 
endomorphism g : C ^ C such that g o ip = ip o f . Since the general p-Rhre F is 
irreducible, we have f'~^{F) = FiLi . . . Fs, where S is the degree of g. For simplicity 
denote by F also the image of a general fibre under the birational map /x. Since 
f^^{F) has S irreducible components and F does not lie in the branch locus of /, 
we see that f*[F] S[F]. Thus Lemma [231 shows that = or d = S^. 

1st case. Suppose that F^ = 0. We want to prove that if F' is another general 
member of the family, then FOF' = 0. Indeed if this is not the case, there exists a 
nontrivial effective Cartier divisor F' f] F on F such that (F'p)'^ = 0, a contradiction 
to Lemma [2. 181 Since F and F' are irreducible and homologous, this impHes that 
[F]'^ = 0. Thus a general F does not meet any member of the family. Hence the 
algebraic reduction of X is almost holomorphic onto a curve, so it is holomorphic. 

2nd case. Suppose that F^ ^ 0. In this case we have S = vQ. By \CPM 
Cor.7.6.(ii)], the general tp-fibres are isomorphic. Thus we can consider the in- 
duced map /|fi : i^i ^ as an endomorphism /i? : F — > F of degree S'^ > 1. Since 
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7^ 0, the intersection F f] F' with another general member is not trivial. The 
surface F has only finitely many divisors |FF79[ Thm.], so we may suppose that 
fp^{F n F') — FnF'. Yet F is not uniruled, so the endomorphism fp is not ram- 
ified by Lemma [2.231 Another application of Lemma l2.3l shows that [F D F']'^ = 0. 
Now [F n ^ F ■ F' ■ F' = F^ gives a contradiction. □ 

3.B. Mori program for compact Kahler threefolds. Let X be a compact 
Kahler manifold. A contraction is defined to be a surjective map with connected 
fibres (f : X ^ X' onto a normal complex variety such that —Kx is relatively ample 
and b2{X) — b2{X') + 1. In general X' might not be a Kahler variety, in particular 
is not necessarily a contraction of an extremal ray in the cone NE{X). The 
existence and structure of threefold contractions is assured by following statement. 

3.5. Theorem. }Pet01| Thm.2], }Pet98i Main Thm.] Let X he a smooth compact 
Kahler threefold with Kx not nef. Then X carries a contraction ip : X —* X' unless 
(possibly) X is simple with k{X) = — oo. The contraction is of one of the following 
types. 

1. ) </? is a Pi- bundle or a conic bundle over a smooth non-algebraic surface, 

2. ) ip is bimeromorphic contracting an irreducible divisor E to a point, and E 

together with its normal bundle Np /x is one of the following 

(P2,Op2(-l)),(P2,Op2(-2)),(Pi xPi,Opl^pl(-l,-l)),(Qo,OQo(-l)), 

where Qq is the quadric cone, 

3. ) X' is smooth and Lp is the blow-up of X' along a smooth curve. 

The variety X' is (a possibly singular) Kahler space in all cases except possibly 
3.). Moreover in all cases but possibly 3.), the morphism ip is the contraction of an 
extremal ray in the cone NE{X). 

In case 3.), the variety X' is Kahler if and only if the ray of a fiber I of (p is extremal 
in the dual Kahler cone NA{X). 

The main defect of the preceding statement (and the main open problem in the 
Mori of compact Kahler threefolds) is that in general it is not clear whether X' is 
Kahler. We give an affirmative answer in a number of situations. First we need 
some preparation. 

3.6. Lemma. Let ■0 : X — > X' 6e the blow-up of a smooth curve B C X' in 
the compact manifold X' . Assume X is Kahler. Then X' is Kahler provided the 
following condition (*) is satisfied. 

If T is a positive closed current of bidimension (1, 1) such that T = dS with some 
current S, then T ~ 0. 

Proof. Let b £ B and I = By Theorem 13.51 we need to show that [I] is 

extremal in the dual Kahler cone NA{X). So suppose that 

[I] = ai + 02 

with Oi G NA{X) \ 0. Now represent a.; by a positive closed current Ti (see e.g. 
|QP04l Prop. 1.8], which is a consequence of the work of Demailly-Paun |DP04) ). 
So 
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and therefore 

MTi) + i^iT^) ^ 0. 

By our assumption we obtain ip*{Ti) + V'*(72) = 0, so that = i^*{T2) — 0. 

Therefore the are proportional to [I] and [I] is extremal. □ 

In the following corollary, xb denotes the characteristic function of B and Tb is 
the current given by integration over B. 

3.7. Corollary. Let ip : X ^ X' be the blow-up of a smooth curve B C X' in 
the compact manifold X' , and denote by E the exceptional divisor. Assume X is 
Kahler. Then X' is Kahler if one of the following assertions holds. 

1. ) There is no positive closed current XTb + T' with A > and xeT' — 

which is a boundary dS. 

2. ) A multiple of B moves in a positive- dimensional family. 

3. ) The normal bundle Nb/x' is not negative. 

Proof. (1) By |Siu74j . see also |Dem01j we have a decomposition 

T = ATs + T' 

with T' = Xx\bT and some A > 0. In particular T' is again closed. Since we assume 
that (*) already holds for all T for which A > 0, we may assume that A = and 
need to verify (*) for those T. By the proof of 13.61 we need to check that only for 
the current il^^:{Ti + T2). But for those currents A = can actually never happen: if 

XbMTi+T2)^G, 

then 

Xe{Ti+T2) = Q, 

where E — ip^^{B). Thus Ti ^ T with xeT — 0. Now I- E = —1; on the other hand 
XeT = implies via Demailly's regularization theorem that E ■ [T] > |Pet98l 
Sublemma 7. a]. 

(2) By (1) it suffices to show the following. If XTb + T' = dS with T' a positive 
closed current such that xbT' = and A > 0, then A = 0. So assume Tb+T' = dS. 
Now a multiple of B moves, so we obtain an irreducible curve B' ^ B and a > 
such that oTb' + T' = dS' . But Xx'\b{oTb' + T') = 0, so the arguments of (1) 
show that a — and T' = 0. 

(3) Suppose that the normal bundle Nb/x' is not negative. If X' were not Kahler, 
then by 13.71 we find a positive closed current T with xbT — such that 

B + T ^dS. 

We find easily a positive closed current T on X such that xeT — and such that 
ip*{T) ~ T (sse the proof of Prop. 2.1 in |OP04j ). Now choose a positive closed 
current Bq on E representing the second ray of NE{E) (i.e. the one not represented 
by the ruling line I). Let R = i*{BQ) where i : E ^ X \?, the inclusion. Then up to 
scaHng V'* {R) — B and therefore 

R + f r^al 
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for some a > 0. Intersecting with E and observing T • = as in the proof of 
13.71 we obtain Bq ■ E < so that the normal bundle /x is negative and so does 
Nb/x'- □ 



We can now prove that the study of compact Kahler threefolds with endomorphisms 
can be reduced to minimal models, at least if X is not uniruled. 

3.8. Proposition. Let X be a compact Kahler threefold which is not uniruled, and 
let f : X ^ X be a (necessarily etale) endomorphism of degree d > 1. Then there 
exists a finite sequence of smooth compact Kahler threefolds 

A — Ao > Ai > . . . > A„ 

such that 

• the canonical bundle of Xn is nef; 

• for all i G {1, . . . , n}, the manifold Xi^i is the blow-up of Xi along a smooth 
elliptic curve Ci C Xi such that the normal bundle is an indecomposable 
rank two vector bundle of degree zero or a direct sum of numerically trivial 
line bundles; 

• up to replacing f —: fa by for some A; G N, there exist endomorphisms 
fi : Xi ^ Xi of degree d such that /i o /ij — /ij o fi_i for all i G {1, . . . , n}. 
The curve Ci is invariant under ft, i.e. we have fi^^{Ci) — Ci. 

Proof. We will use Theorem 13.51 note first that the case where X is simple with 
k{X) = — oo can be easily excluded in our situations: since / is etale by Proposition 
[Owe have xi^^Ox) = which implies that h"{X,Kx) > 1 or /i°(X,rJx) > 1. 
In the first case we are obviously done and in the second case we can look at the 
Albanese map X Alb{X) and conclude that k{X) > by the C„^m-conjecture 
(which is known for compact Kahler threefolds |Uen87| Thm.2.2, Thm.4.1]). 

Thus there exists a to G N such that |mifx| is not empty. Let D be the fixed 
part of this linear system, then f*Kx — Kx impHes that f*D ~ D. Since all the 
contractions are divisorial by Theorem 13.51 their exceptional loci are contained in 
D. Since D has only finitely many components, the description of the exceptional 
loci implies that there are only finitely many contractions. The endomorphism / 
permutes the irreducible components of 13, so up to replacing / by /'^ we may 
suppose that f~^{E) — E for the support E of every birational contraction. 

Choose now a birational contraction ^ : X ^ Xi with exceptional divisor E. By 
Lemma [231 we have E^ = 0, so the description of the normal bundles in Theorem 
l3.5l shows that E is contracted onto a smooth curve Ci and Xi is a smooth complex 
manifold. The restriction of / to ~ P(A^5i/Xi) yields an etale endomorphism 
f : E ^ E o{ degree d, so |Nak08[ Thm.1.1.] shows that Ci is elliptic and N^^^-^^ 
has the prescribed form, at least up to twist by a line bundle. Since 

ci(^c,/xj = OnN^^^,^){-lf = E' = 0, 

we see that such a line bundle is numerically trivial. This completes the description 
of the normal bundle of Ci. Corollarv IS . 71 now implies that Xi is a Kahler manifold. 
By [AKPQSl Rem. 3. 3, Cor. 3. 4] there exists a fci G N and an an endomorphism 
fi : Xi ^ Xi of degree d such that /i o A^i = Mi o /. 
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Hence Xi satisfies all the assumption made on X and we can argue by induc- 
tion on the Picard number to get the existence of the sequence satisfying the first 
two properties. Replacing the ki by a sufficiently divisible k, we obtain the third 
statement. □ 



If X is uniruled the situation gets more compHcated. One reason is that the excep- 
tional divisor of a birational contraction can lie in the branch locus of /. If this is 
not the case, we can again use Lemma [273} Theorem 13.51 and Corollarv l3.7l to show 
the next statement. 

3.9. Corollary. Let X be a compact Kcihler threefold, and let f : X ^ X be an 

endomorphism of degree d > 1. Let ip : X ^ X' be a contraction of birational type 
such that the exceptional divisor E satisfies f^^{E) — E. Suppose that E is not 
contained in the branch locus of f or that the ramification order along E is not v^. 
Then E^ — and t/j contracts the divisor E onto a smooth curve C . Moreover the 
variety X' is a compact Kahler threefold. 

Remark. If the endomorphism / is etale one proves as above that the curve C" is 
elliptic. If / is ramified, C" can a-priori be arbitrary. 

3.10. Proposition. Let X be a compact non-algebraic Kahler threefold, and let 
f : X ^ X be an endomorphism of degree d > 1. Suppose that there exists a 
fibration ip : X ~> C onto a smooth curve C with algebraic general fiber and an 
automorphism g : C —* C such that g o ip = ip o f . 

Suppose that X admits a birational contraction : X X' . Then 

• the exceptional locus E is contained in a ip-fibre, 

• there exists a fibration ip' : X' ^ C such that ip = ip' o ip, 

• Ip is the blow-up of a smooth curve B in X' , 

• there exists an endomorphism f : X' ^ X' of degree d such that f'oijj = 
Ip o f, and 

• X' is a compact Kahler threefold unless possibly when the curve B has 
negative normal bundle. 

If p is locally projective, there exists a possibly different contraction tp' : X ^ X* 
with locally projective factorization X* C. 

Proof. By the classification in Theorem 13. 5^ the exceptional loci of birational con- 
tractions are uniruled surfaces and therefore algebraic. Therefore E is contained in 
a 93-fibre, since otherwise X is algebraically connected, hence algebraic by Theo- 
rem 13.21 The existence of the fibration (p' is now an immediate consequence of the 
rigidity lemma. 

Since E is contained in a fibre, it is not contained in the branch locus by Lemma 
12.151 Therefore Corollary 13.91 shows that E is contracted onto a smooth curve and 
X' is smooth. By what precedes we know that the exceptional loci of birational 
contractions on X are irreducible components of (/3-fibres. Since there are only 
finitely many reducible fibres and these have finitely many components, we see that 
there are only finitely many birational contractions. Thus up to replacing / by f'' 
we have /,[r] = A[r], where T is a fibre of E ^ ipiE). We conclude as in |AKP08l 
Cor. 3. 4], the Kahler property follows from Corollary 13.71 
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Thus we are left with the last assertion. Let 

{xi, ...,Xs}cC 

be the singular locus of if. Choose small disjoint open neighborhoods Ut of Xi 
such that if is projective over Ui. Let Xi = (p^^{Ui) and — ip\Xi. We already 
know that there exists some i such that Kx is not ipi—nei. Hence by |Nak87) there 
exists a relative contraction fi : Xi ^ X[ such that the induced map X'^ Ui is 
projective. Now ^ might be birational or not. We always choose /it birational unless 
it is simply not possible, i.e. for all choice of i, the map /i is a fibration. In case is 
birational we patch things and obtain X* with a locally projective bimeromorphic 
map ip' : X* —f C. The map ^ extends to : X ^ X* . 

In case /i is a fibration, we obtain by deformation of the extremal rational curves 
and by our assumption a global relative contraction which is a Pi— bundle or a 
conic bundle X — > X* with factorization X* ~* C. □ 

Finally let us recall that abundance holds for most minimal Kahler threefolds. 

3.11. Theorem. |Pet01t Thm.l] Let X he a normal compact Kahler threefold 
(Q.— factorial with at most terminal singularities) such that Kx is nef. Assume 
that X is not both simple and non-Kummer. Then Kx is semi-ample. 

4. Torus fibrations 

4.1. Definition. A torus fibration is a fibration ip : X Y such that the general 
fibre is isomorphic to a complex torus. A torus bundle is a smooth torus fibration 
that is locally trivial. 

If the total space of a torus fibration is not projective, the fibration in general does 
not admit a multisection, i.e. there is no subvariety Z C X such that ip\z : Z ^ Y 
is surjective and generically finite. The main technical statement of this section 
(Lemma 14. 2p shows that if X admits an endomorphism commuting with ip, then 
there exists a natural meromorphic factorisation of ip which admits a multisection. 

4.2. Lemma. Let X be a compact normal variety in the Fujiki class that admits a 
torus fibration ip : X —* Y . Suppose furthermore that there exists an endomorphism 
f : X ^ X of degree d > 1 and an automorphism g : Y ^ Y of finite order such 
that g o ip = p o f . Then (up to replacing f by some power) there exists a compact 
normal variety Z that is in the Fujiki class and admits a torus fibration ip : Z ^ Y 
with a multisection and which satisfies the following properties: 

• there exists an almost holomorphic fibration t : X Z such that ip = ipor. 

• there exists an endomorphism f : Z ^ Z of degree d that commutes with ip 
and such that f ° t ~ t o f . 

If a very general fibre of p is a simple torus, then p admits a multisection. 

The proof of this lemma is based on the following easy observation. The statement 
generalises |FN07| Lemma 2.22] whose strategy of proof we follow. 
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4.3. Proposition. Let A be a complex torus, and let f : A A be an endomor- 
phism of degree d > I. Then there exists a (maybe trivial) subtorus T C A and an 
endomorphism f : A/T A/T of degree d such that the set of fixed points of f is 
non-empty and finite. 

In particular if A is simple, the set of fixed points of f is non-empty and finite. 



Proof of Proposition \4.3\ We will argue by induction on the dimension, the case of 
dimension one is included in [FN071 Lemma 2.22]. Choose a point € A so that 
the torus A has a group structure. The map 

h:A^A,x^ f{x) - /(O) - X 

is a morphism of groups and not zero, since / has degree at least two. Let Tq be 
the connected component of the kernel of h. We make a case distinction. 

1st case. Tq is trivial In this case h is surjective and has finite kernel. Since 

{x e A I f{x) = x} = {x e A I h{x) = /(O)} 

the statement follows. 

2nd case. Tq has positive dimension. Since h{x) = for all a; e Tq, we have 
f{x) ^ X + /(O) for all x e Tq. It is thus clear that there exists an endomorphism 
/ : A/Tq — > A/Tq of degree d such that f o q = q o f , where q : A ^ A/Tq is the 
quotient map. Apply the induction hypothesis to A/Tq. □ 



4.4. Example. At first glance the proof of Proposition 14.31 may suggest that the 
restriction of the endomorphism / to T is a translation. The endomorphism of 
degree n 

f: ExExE^ExExE, {xi,X2,X3) {xi + X2 + X^, X2 + Xs, 71x3) 

shows that this is not true, since we will have T = E x E x {0}. The restriction of 
/ to r is rather a "tower" of translations. 



Proof of Lemma \4-S[ The automorphism g : Y ^ Y is assumed to be of finite 
order, so up to replacing / by some multiple we can suppose that g — Idy- The 
statement claims that there exists a commutative diagram 




such that / has degree d and Z — > y has a multisection. 

We denote by fy : Xy Xy the restriction of / to a general fibre Xyi this is an 
endomorphism of degree d. If the fix point set of fy is finite, the fix point set of / is 
a multisection of ip, thus the statement is trivially true. Note that if Xy is simple, 
we are always in this case, which proves the last part of the statement. 

Suppose now that the fix point set of fy is not finite. Then there exists by Propo- 
sition 113] a torus Ty C Xy and an endomorphism fy : Xy/Ty Xy/Ty of degree 



d that commutes with the projection Xy Xy/Ty and has non-empty finite fix 
point set. The countabiUty of the number of irreducible components of the relative 
cycle space C{X/C) implies that if we choose y very general, the torus Ty deforms 
with Xy. Let Z ^ Y he the normalisation of the component oi C(X /Y) whose 
very general points corresponds to the translates of Ty for y <eY very general. The 
almost holomorphic map t : X --^ Z such that ^p ~ i) o t \s given fibrewise by 

Xy Xy/Ty. 

The (necessarily etale) endomorphism / acts via the push-forward of cycles on 
C{X/Y). Noting that the general fibre of Z — > F is the quotient torus Xy/Ty and 
the restriction of /* to Xy/Ty identifies to fy, we see that /* maps the component 
corresponding to Z onto itself. Thus we obtain a holomorphic endomorphism / : 
Z ^ Z o{ degree d that commutes with ij). The restriction of / to a very general 
fibre Zy has non-empty finite fix point set, so the fix point set of / is a multisection 
of ij^- By construction of /, it is clear that f o t — t o f. □ 

Theorem ll.ll is now an immediate application: 

Proof of Theorem We argue by contradiction and suppose that X is not pro- 
jective. Since a{X) > k{X) — n — 1, we see that the algebraic dimension is ti — 1. 
By Campana's theorem 13.21 this implies that the algebraic reduction ip : X --^ Y 
is almost holomorphic. Since k{X) = n — 1 it is bimeromorphicly equivalent to the 
litaka fibration. By |NZ07l Thm. A] the endomorphism / induces an automor- 
phism g : Y ^ Y of finite order. Thus Lemma [4.21 implies that X ^ Y admits a 
multisection. Since Y is projective and Xy a curve, X is algebraically connected. 
Hence it is projective by Campana's theorem, a contradiction. □ 

4.5. Corollary. Let X be a compact Kcihler manifold that is a torus bundle ip : 
X ^ Y with fibre A. Suppose furthermore that there exists an endomorphism 
f : X X of degree d > 1 and an automorphism g : Y ^ Y of finite order 
such that g o ip = ip o f . Then (up to replacing f by some power) there exists a 
compact Kahler manifold Z that is a torus bundle ip : Z Y with fibre A/T with 
a multisection and satisfies the following properties: 

• X is a torus bundle t : X Z with fibre T such that p = ip o t. 

• There exists an endomorphism f : Z ^ Z of degree d that commutes with 
Ip and such that / o r = r o /. 

• The multisection is given by Fix{f) which is an etale cover ofY. 

If A is simple, then p admits an etale multisection. 

Proof. The proof of the first two points is the same as for Lemma 14. 2( with one 
difference: since X ^ Y is a bundle, it is clear that for very general y the torus 
Ty C A does not depend on y G Y. Thus the variety Z can be directly defined as 
the quotient bundle Z ^ Y with fibre A/T. 

The etaleness of Fix{f) F is shown by copying word by word the proof of [FNOYj 
Thm.2.24]. □ 
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Let now X be a complex torus that contains a proper subtorus T C. X . Then X 
is naturally a torus bundle over X/T with fibre T and if X is projective Poincare's 
irreducibility lemma shows that it is isogenous to X/T x T . In particular the study 
of endomorphisms of X is reduced to X/T xT. If X is not projective the situation 
is more complicated, but the geometric intuition still says that if X ^ X/T admits 
an "interesting" endomorphism, the torus X should be close to being a product. 
We illustrate this philosophy in two special cases: 

4.6. Proposition. Let X be a torus that is a torus bundle ip : X ^ Y over a 
torus Y with fibre A. Suppose that dimY = 1 or dimY ~ 2,a{Y) = 1. Suppose 
that X admits an endomorphism f : X ^ X of degree d > 1 such that there exists 
an automorphism g : Y ^ Y such that g o (p — (p o f . Then there exists a (maybe 
trivial) subtorus T C A such that X is isogenous to a torus bundle over E x A/T . 

In particular if A simple, then X is isogenous toYxA. 

Proof. Choose a point G X so that the tori X, Y and A have a group structure. 
Up to composing / with the translation x x— /(O), we can suppose that /(O) = 0. 
Thus the automorphism g satisfies g{0) = 0, i.e. is a group automorphism of Y . 
Since y is a curve or a surface of algebraic dimension one, this group is finite (cf. 
|Fuj88t Prop. 3. 10] for the surface case), so g is of finite order. By Corollary 14.51 
there exists a quotient X X/T Y such that / descends to an endomorphism / 
on X/T. Moreover the covering Fix{f) — > F is etale, so an irreducible component 
of Fix{f) is a complement to A/T in X/T. The statement follows by |BL99l 
Prop.6.1]. □ 

4.7. Proposition. Let X be a torus that is a torus bundle ip : X ^Y over a torus 
Y with fibre A. Suppose that End(A) '^'L or dim A — 1. Suppose that X admits an 
endomorphism f : X X of degree d > 1 such that there exists an automorphism 
g -.Y ^ Y such that g o ip = ip o f. Then X is decomposable. 

Proof. We prove the statement in the case where End{A) ~ Z (the same strategy 
works if A is an elliptic curve with complex multiplication, cf. the proof of |Fuj88[ 
Prop. 3. 10]). We argue by contradiction and suppose that X is indecomposable. 
Since End{A) ~ Z, the restriction of f to A is the multipHcation by an integer n 
such that rt^imA _ ^ Thus / — n is an endomorphism of X whose restriction to 
A is constant, in particular / — n is not an isogeny. Thus by |BL99t Prop. 7. 3], the 
endomorphism / — n is nilpotent. Hence the induced endomorphism g — n on y is 
nilpotent, so its kernel has positive dimension. Thus there exists a positive dimen- 
sional subtorus T cY such that the restriction of g to T equals the multiplication 
by n. In particular g\T is not injective, so g is not an automorphism. □ 

Combining Proposition 14.31 with Proposition 14. 7[ we obtain: 

4.8. Corollary. Let A be a two-dimensional torus of algebraic dimension one, and 
let f : A A be an endomorphism of degree d > 1. Then f has a non-empty finite 
set of fixed points. 
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5. NON-UNIRULED MANIFOLDS 



In this section we prove Theorem 11.21 Using the minimal model program for non- 
uniruled threefolds admitting endomorphisms established in Proposition 13.81 the 
proof naturally splits into two parts: the first and most difficult part is to classify 
the minimal models admitting endomorphisms (Theorem 15. II below). Based on the 
rather short list obtained in the first step, we then discuss the structure of the 
blow-ups in Subsection 15. Bl 

5. A. Minimal models. 

5.1. Theorem. Let X be a smooth compact non-algebraic Kahler threefold which 
is not uniruled. Suppose that X admits a (necessarily etale) endomorphism f : 
X ^ X of degree d > 1. If Kx is nef, then (up to etale cover) one of the following 
holds: 

1. ) n{X) = : then either 

a) X is a torus or 

b) X is a product S x E where S is a non-algebraic K3 surface and E an 
elliptic curve. 

2. ) K,{X) = a{X) — 1 : then X is a product C x A where C is a curve of general 

type and A a torus of algebraic dimension zero. 

3. ) k{X) = l,aiX) = 2 : then either 

a) X is a product Y x A where Y is of general type and A a torus of 
algebraic dimension one or 

b) X is a product E x S where E is an elliptic curve and and S a non- 
algebraic Kahler surface of Kodaira dimension one. 

Proof. By Theorem 11.11 we have k{X) < 1, and by Theorem 13.111 the canonical 
bundle is semi-ample. 

K k{X) = this implies mKx = Ox for some m > 0. By the Beauville-Bogomolov 
decomposition theorem X admits a finite etale cover by a torus, or a product of an 
elliptic curve and a K3 surface, or a Calabi-Yau manifold of dimension three. The 
last case is excluded since a Calabi-Yau manifold is simply connected. 

Thus we are reduced to study the cases k{X) = 1. These are dealt with in the 
Theorems O and [131 □ 

5.2. Lemma. Let X be a non- algebraic compact Kahler manifold of dimension n, 
and let f : X ^ X be an endomorphism of degree d > 1. Suppose that X admits 
a fibration ip : X ^ Y onto a projective variety Y such that ip o f = tp and the 
general fibre Xy has Kodaira dimension zero. Then the general fibre Xy is (up to 
etale cover) a two-dimensional torus. 

1. ) If a{X) = n—2, the fibre Xy has algebraic dimension zero and is isomorphic 

to fixed torus A. 

2. ) If a{X) — n—1 and a{Xy) = 1, the fibre Xy is isomorphic to fixed torus A. 

3. ) If a{X) — n ~ 1 and a{Xy) = 2, there exists a normal projective variety 

Z that admits an elliptic fibration ijj : Z ^ Y and satisfies the following 
properties: 
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• there exists an almost holomorphic fibration t : X --^ Z such that 

Lp = if) O T . 

• there exists an endomorphism f : Z ^ Z of degree d that commutes 
with %p and such that / o r = r o / . 

Proof. The general fibre Xy has Kodaira dimension zero and the restricted endo- 
morphism fy : Xy ^ Xy h^s degree d. Thus Xy is covered by a torus by |FN05) . 
Moreover if a{Xy) < 1, the general fibres are isomorphic to a fixed torus A: apply 
|CPOO| Cor. 6. 8] to X Xy C ^ C where C is a general complete intersection curve 
in Y. 

Suppose now that a{Xy) = 1. Let ry : Xy Ey be the algebraic reduction, 
then there exists an endomorphism fy-.Ey^ Ey such that fyOry = ry o fy. 
The endomorphism fy can't be an automorphism since otherwise a[Xy) = 2 by 
Proposition 14.61 Thus it has degree at least two and if ■0 : Z F denotes the 
relative algebraic reduction oi X ^ Y , there exists a meromorphic endomorphism 
f : Z --^ Z that commutes with ijj. By Lemma [4.21 this implies that ip has a 
multisection, hence a{X) > a{Z) = n — 1. 

Suppose now that a{Xy) = 2. Then the fixed point set of fy is not finite, since 
otherwise / has a multisection and X is projective by Campana's theorem 13.21 
Thus by Lemma [4.21 there exists a compact normal variety Z that is in the Fujiki 
class and admits an elliptic fibration : Z ~> Y with a multisection and satisfies 
the stated properties. Since has a multisection, we have a{X) > a{Z) = n — 1 
and Z is algebraic. □ 

5.3. Theorem. Let X be a compact Kahler manifold of dimension n, and let 
f : X ^ X be an endomorphism of degree d> 1. Suppose that 

k{X) ^ a{X) =n-2. 

Then X is (up to etale cover) a product Y x A where Y is of general type and A a 
two-dimensional torus of algebraic dimension zero. 

Proof. By |NZ09[ Sect. 1.4] there exists a "/-equi variant" resolution of the inde- 
terminacies fi : X' ^ X of the litaka fibration ip : X --^ Y such that / lifts to a 
holomorphic endomorphism f':X'^X'. If we show that X' ~ Y' x A, it is a- 
posteriori clear that the litaka fibration of X is holomorphic and hence X ~ F x A. 
Thus we can suppose without loss of generality that X admits a holomorphic fibra- 
tion (fi : X ^Y onto a projective variety Y such that the general fibre has Kodaira 
dimension zero. By |NZ09[ Thm. A] the endomorphism / induces an automor- 
phism g : Y Y of finite order, so up to replacing / by some multiple we can 
suppose that g — Idy. By Lemma [5^ the general fibre Xy is a torus of algebraic 
dimension one. Since by hypothesis Xy is not algebraic, it is isomorphic to a fixed 
torus A (ibid). 

Thus by |CPQOl Cor. 6.6] there exists a finite Galois cover Y' Y such that 
X Xy Y' is bimeromorphic over Y' to a principal torus bundle (p' : X' ^ Y'. The 
following commutative diagram and the universal property of the fibre product 
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show that / Hfts to an endomorphism h : X Xy Y' ^ X Xy Y' of degree d that 
commutes with the projection on Y' . 

3 univ. prop, fibre prod. 

X XyY' - >-X XyY' 

h 



X ^ X 



Y ■ 



Y 



Y' ■ 



UK 



Y' 



Thus there exists a meromorphic endomorphism /' : X' --^ X' of degree d that 
commutes with Lp' . The (y9'-fibre is a two-dimensional torus of algebraic dimension 
zero, so it contains no curves. This immediately implies that /' extends to a 
holomorphic endomorphism. Since Xy is simple, Corollary 14. 51 shows that the fixed 
point set of / gives an etale covering Fix{f) ~f Y' . Since X' ^ F' is a principal 
bundle, we see that after etale base change X' ~ Y' x A Moreover since Y' is 
projective any morphism from F to A is constant, so /' = {Idy, Ja) where Ja is 
the restriction of / to any y x A. 

Since A contains no curves, the composed map ip -.^ pAOf^ ■ XxyY' A extends 
to a holomorphic map. Moreover f a ° ip = ip ° h, so Proposition 12. 141 implies that 
•0 is smooth. The natural maps X Xy Y' ^ Y' and ip then define an isomorphism 
onto Y' X A. □ 

5.4. Theorem. Let X be a compact Kcihler threefold, and let f : X ^ X be an 
endomorphism of degree d > 1. Suppose that Kx is semiample and 

k{X) = l,a{X) = 2. 

Then (up to etale cover) one of the following holds: 

1. ) X is a product C x A where C is a curve of general type and A a two- 

dimensional torus of algebraic dimension one or 

2. ) X is a product E x S where E is an elliptic curve and S a non-algebraic 

Kahler surface of Kodaira dimension one. 

The stategy of the proof should also work for compact Kahler manifolds with 
k{X) = n — 2, a{X) = n — 1 if one is able to show the following statement (due to 
Nakayama [NakOSl Thm.6.2.1] in the surface case). 

5.5. Conjecture. Let X be a normal projective variety of dimension n—l, and let 
f : X ^ X be an endomorphism of degree d > 1. Suppose that X admits a (flat?) 
fibration t : X ^ Y whose general fibre is an elliptic curve and commutes with f. 
Then (up to base change) we have X is a product Y x E where E an elliptic curve. 

Proof. Some multiple bundle of the canonical bundle induces a fibration ip : X ^ C 
such that niKx — (p*L. By |NZ09t Thm. A] the endomorphism / induces an 
automorphism g : C — > C of finite order, so up to replacing / by some multiple we 
can suppose that g = Idc- 



1st case. The general f-fibre has algebraic dimension one. 

By a statement due to Voisin (cf. [CamOG^ Prop. 3. 10]), there exists a holomorphic 
two-form on X whose restriction to the general fibre Xc gives a non-zero holomor- 
phic two form. Thus by [CPOO^ Prop. 4. 2, Prop. 6. 7] the fibration ip is almost smooth 
and there exists a base change C ^ C such that the normalisation oi X Xc C 
gives an etale covering of X and is a principal bundle over C . Arguing as in the 
proof of Theorem 15.31 we see that the endomorphism / lifts, so we can suppose 
without loss of generality that (p : X ^ C is a principal bundle. By Corollary 14.81 
the induced endomorphism / : Xc Xc has a non-empty finite fixed point set. 
Copying word by word the proof of |FN07[ Thm.2.24], one sees that Fix{f) C 
is finite and etale. Since X ^ C is a principal bundle, we see that after etale base 
change X ^ C x A. 

2nd case. The general ip-fibre is algebraic. 

By Lemma [Ol there exists a normal projective surface Z that admits an eUiptic 
fibration ^ : Z ^ C and satisfies the following properties: 

• there exists an almost holomorphic fibration t : X Z such that (p = tpor. 

• there exists an endomorphism / : Z — > Z of degree d that commutes with 
ijj and such that f ° t = t o f . 

By |Nak08[ Thm.6.2.1] there exists a finite base change C ^ C such that the 
normalisation of Z XcC is isomorphic to C x E, where E is an elliptic curve. Note 
furthermore that by |Nak08[ Lemma 6.2.5] the base change is etale over the locus 
where the fibres of ^p are reduced, in fact the ramification order in c G C equals the 
multiplicity of the fibre Zc- Since ip = ^ o t this shows that the ramification order 
in c divides the multipHcity of the fibre Xc. Thus by a classical argument the map 
from the normalisation oi X Xc C onto X is etale. As in the proof of Theorem 
15.31 we can use the universal property of the fibre product and a commutative 
diagram to see that (up to etale cover) we can suppose that Z ~ C x E where E 
in elliptic curve. By |FN07t Lemma 2.25] we may suppose (up to making an etale 
base change) that the endomorphism / is of the form idc x qe, where ■ E E 
is an endomorphism of degree d. 

Since E is an elliptic curve, the meromorphic fibration pe°t : X --^ E extends to 
a holomorphic map such that we have a commutative diagram 




PEOT CxE ^CxE \peot 



Thus by Proposition 12. 141 the fibration peot is smooth and by adjunction its fibres 
Xe are surfaces with Kodaira dimension one that have a natural elliptic fibration 
ip\x^ : Xc C. Since the general fibre of p is algebraic, an easy application of 
Campana's theorem shows that a general fibre of Xc has algebraic dimension one. 
Thus the relative algebraic reduction of X E is holomorphic and identifies to 
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r. Thus r is holomorphic and since / is etale of degree at least two, Proposition 
12.141 implies that it is an equidimensional eUiptic fibration whose singular locus is 
a disjoint union of q x E. 

Let now Xc be a very general (p-fihre. Then Xc is covered by an algebraic torus 
and is an elliptic bundle Tc : Xc ^ c x E ~ E. Thus by Poincare's irreducibility 
theorem there exists an etale cover of Xchj E'^x E. In particular we get a family 
of elliptic curves in Xc surjecting onto E. By countability of the components of 
the cycle space, we may suppose that the family of curves deforms with Xc for 
c € C very general. Let y ^ C be the normalisation of the component of C{X/C) 
parametrising these curves, and denote by X the normalisation of the universal 
family. Denoting hy p : X ^ X and q : X ^ Y the natural maps, we we have 
commutative diagram 




A general member of the family Xy is an elliptic curve surjecting onto E. The etale 
base change Xy —>■ E induces an etale covering of X x E^y ^ X, so up to replacing 
X by an etale cover we can suppose without loss of generality that a general Xy is 
a pe ° T-section and p is birational. We claim that p is an isomorphism. Assuming 
this for the time being, let us show how to conclude: for simplicity of notation, 
identify X and X. Let Xe be a general ps ° r-fibre, then ATe — > F is surjective and 
etale in codimension one. Thus the induced morphism X Xt Xc ^ A" is etale in 
codimension one, so etale since X is smooth. Thus up to replacing X by an etale 
cover the pe ° T-fibres Xc are g-sections, in particular all the fibres are isomorphic 
to Y. Thus q X {pe ° t) : X ^ Y x E is an isomorphism. 

Proof of the claim. Since X is smooth and X is normal, it is sufficient that for every 
X & X there exist at most finitely many Xy passing through x. We will show this 
property "fibrewise": let first c G C be a point that is not in the (/5-singular locus. 
Then the fibre Xc is an elliptic bundle over cx E and the Xy are a one-dimensional 
family of disjoint sections parametrised by Yc. Thus Xc is a torus isomorphic to 
YcX E and the Xy form a family of line bundles such that the intersection product 
in Xc equals zero. 

Let now co S C be a point that is in the t/J-singular locus. Then for every point 
y S Yea there exists a small analytic neighbourhood D of cq and a multisection 
S CY over A passing through y such that SHYco is a singleton. Let D := p{q~^{S)) 
be the analytic subset of X covered by the curves parametrised by S. Then D is a 
surface in the threefold X, so it is locally principal. In particular for every c G A, 
the intersection A"c n D is a Cartier divisor. Since for c G D general the self- 
intersection is zero and the Xc vary in a fiat family, we see that the curve Xy is a 
Cartier divisor in Xc with self-intersection zero. Thus if we show that every curve 
Xy is irreducible, this implies that there are at most finitely many Xy through a 
given point and we are done. 

The irreducibility of Xy can be seen as follows: by Kodaira's list of singular fibres of 
an elliptic fibration, the reduction of the fibre Xc — t~^(c x E) is either an abelian 
surface (in this case the fibres over cx E are multiple elliptic curves) or the fibres of 
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Xc ^ E are cycles of (maybe singular) rational curves. We will deal with the second 
case, the first case can be reduced to the preceding case by a local base change. 
Since / commutes with tp, we have an etale endomorphism fc : Xc Xc of degree 
d and up to replacing / by some power fc maps every irreducible component of Xc 
onto itself. Again by Kodaira's list the normalisation v : T ^ Xc is a disjoint union 
of -bundles Ti over the elliptic curve E and fc lifts to an etale endomorphism 
fc -Ti ^ Ti of degree d. Since fc is etale, one sees easily (cf. |Nak02[ Ch.2]) that Ti 
does not contain any curves with negative self-intersection. The pull-back v*Xy is 
an effective divisor with self-intersection that surjects onto E. The claim follows 
by an easy intersection calculus on T^. □ 

5.B. Proof of Theorem II. 2L Bv Proposition [3781 there exists a finite sequence of 
smooth compact Kahler threefolds 

A — Ao > Ai > . . . > A„ 

such that Xn is described by Theorem 15. II and Xi-i is the blow-up of Xi along an 
elliptic curve Ci with numerically trivial normal bundle such that f~^{Ci) = Ci. 
We will now use the list in Theorem lS.ll to see what blow-ups are actually possible. 

1st case. k{X) = 0. In this case X„ is a torus or a product Y x E where F is a K3 
surface and E is an elliptic curve. 

a) Xn is a torus. We claim that if X ^ Xn, then Xn is isogenous to Y x E where 
F is a torus and E an elliptic curve: by hypothesis Xn contains the elliptic curve 
E := Cn, so we have a quotient map (p : Xn Xn/E. Since f~^{Cn) = Cn there 
exists an etale endomorphism g : Xn/E —> Xn/E such that g o ip = ip o /„. Since 
fn^{Cn) = Cn the fibre g~^{<p{Cn)) is a singleton, so g is an automorphism. Thus 
Xn is decomposable by Proposition 14. 7| i.e. a product of an elliptic curve and a 
two-dimensional torus. In particular the algebraic dimension of Xn is at least one 
and if it equals one, the unique decomposition possible isYxE. If the algebraic 
dimension of X„ equals two, the quotient Xn/E has algebraic dimension one and 
the claim follows from Proposition 14.61 



Thus Xn ^ Y X E and up to making an etale base change we can suppose that 
/ is of the form {g, h) where g : Y ^ Y is sn automorphism and h : E —>■ E 
an endomorphism of degree d (cf. |FN07t Lemma 2.25] which does not use the 
projectiveness assumption). Let x C„ be the copy oi E C Xn that is the center 
of the blow-up. Then the commutative diagram 

/ 

Xn ^ Xn 



PB 



PE 



and deg h > 1 immediately implies that C„ is not contained in some Y x e for 
e £ E. Thus C„ surject onto E and up to replacing by an etale cover, it is of the 
form y X E for some yn & Y. Thus the blow-up of Xn along C„ is isomorphic to 
BlyY X E. The restriction of /„_i to BlyY is an automorphism, so we obtain the 
statement by induction. 

b) Xn ^ Y X E with Y a K3. Since ft,^(y, Oy) = 0, the projection onto E is the 
Albanese map of Xn . Since a K3 does not admit endomorphisms of degree at least 
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two, the induced endomorphism h : E E has degree d. Since the automorphism 
group of a K3 surface is discrete we see that the restriction of /„ to F x e does not 
depend on e, so /„ = {g, h), where g : F — > F is an automorphism. We can now 
argue as in Case a). 

2nd case. k{X) = 1. According to Theorem 15 .11 we distinguish two cases. 

a) Xn ^ C X A with C a curve of general type and A a torus of algebraic dimension 
at most one. We claim that in this case it is not possible to have X ^ X„ and argue 
by contradiction. The projection onto C is the litaka fibration, so up to replacing / 
by some power we may suppose that the induced endomorphism on C is the identity. 
Moreover since the algebraic dimension of A is at most one, any morphism from C 
to A is constant. This implies that /„ = (Idc,g) with g an endomorphism of A of 
degree d. The eUiptic curve C„ does not map surjectively onto C, so it is contained 
in some torus c x A. In particular A has algebraic dimension one and Cn is a 
fibre of the algebraic reduction A ^ T. Since g~^{Cn) = Cn, the endomorphism 
induced by g on T is an automorphism. Hence A is algebraic by Proposition 14. 6^ a 
contradiction. 

b) Xn ~ i? X S" where E is an elliptic curve and S a surface with a{S) — k{S) = 1. 
Let i/j : S ^ C he the algebraic reduction of S. Then pe x : X ^ E x C is the 
algebraic reduction oi X , so there exists an induced endomorphism g : E x C ^ 
E X C. In general the endomorphism g does not preserve the projection onto E, 
but by jFN07l Lemma 2.25] there exists an etale base change E' ^ E such that this 
is the case. Since all the Xi are fibre spaces over E we can suppose without loss of 
generality that there exists an endomorphism gE '. E ~* E such that gE°PE ~ PE°g- 
Thus we also have gsops = Pe° f and the restriction of / to some e x S" gives an 
endomorphism fsoi S. Since S has algebraic dimension one. Theorem 11.11 impHes 
that fs is an automorphism. Thus gE has degree d and we can conclude as in the 
first case. □ 

6. Uniruled manifolds 

The aim of this section is to prove Theorem 11.31 We will start with the easy case 
where / is etale, for the case of ramified endomorphisms we make a case distinction 
in terms of the algebraic dimension. With increasing algebraic dimension the proofs 
get more and more involved, this confirms our philosophy that non-algebraicity is an 
obstruction to the existence of endomorphisms. For the convenience of the reader 
we will repeat at the start of every subsection the part of Theorem 11.31 that we are 
about to prove. 

6. A. Proof of Theorem II. 3t etale endomorphisms. 

6.1. Theorem. Let X be a non- algebraic compact Kahler threefold which is not 
uniruled, and let f : X X be an etale endomorphism of degree d > 1. Then X 
is (up to etale cover) a projectivised bundle ¥{E) over a non-algebraic torus A and 
cUE)^Ac2iE). 

Proof of Theorem \6.1[ Since the endomorphism / is etale, we have xi^iOx) — 0. 
Since X is non-algebraic and uniruled, we have h^{X, Ox) = and h'^{X, Ox) > 1- 
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Therefore h^{X,Ox) > 2, and we denote hy a : X Y the Stein factorisation of 
the Albanese map X Alb{X) whose general fibre has dimension at least one. 

1st case. Y is a surface. The general fibre of a is a rational curve, so Y is not alge- 
braic since otherwise X would be algebraic. By Proposition 12.91 the endomorphism 
/ induces an endomorphism gonY which has degree d since / is etale. Applying 
Theorem 11.11 we obtain k{Y) = 0, so F ^ Alb{X) is surjective and etale. By the 
universal property of the Albanese torus, we obtain Y = Alb{X). 

We will now show that a : X ^ Y = Alb{X) is a P^-bundle. By Proposition [2141 
the a-singular locus A is empty or has pure dimension one and satisfies g~^{A) = A. 
Since F is a non-algebraic two-dimensional torus, the components of A are elliptic 
curves that are contracted by the algebraic reduction Alb{X) E. The endo- 
morphism g induces an endomorphism h on E hy Proposition l2.12l The condition 
^""'^(A) — A implies that h is an isomorphism which contradicts a{Alb{X)) < 1 by 
Proposition 14.61 

Up to making an etale base change, we can suppose that X is a projectivised bundle 
P(i?). The canonical bundle of a is trivial, so Kx — (—2) ® ip* deti?. Since / 

is etale, we have = 0. An elementary computation shows that c^{E) = Ac2{E). 

2nd case. Y is a curve. We will prove that in this case X is necessarily algebraic. 
Since Oy) = h^{X,Ox) > 2, the endomorphism induced on Y is an auto- 

morphism of finite order, so up to replacing / by some power we may suppose that 
g = Idy. Let S" ^ C be the unique irreducible component of the relative cycle 
space C[X/C) that parametrizes the rational curves in X. The push-forward of 
cycles /, acts on C{X/C) and since / induces a meromorphic endomorphism on the 
base of the rationally connected quotient X S (Prop. 12. 9p . Thus we obtain an 
endomorphism : S ^ S that commutes with S —f C. Since / is etale and the 
general fibre of AT S is a P^, we see that /* has degree d. The general fibre of 
5 ^ C is an elliptic curve since otherwise S is algebraic. By Lemma 14.21 we see 
that S ^ C has a multisection, so S is algebraic. Therefore X is algebraic. □ 

6.B. Proof of Theorem [TTSt algebraic dimension zero. 

6.2. Theorem. Let X he a compact Kahler threefold of algebraic dimension zero 
which is uniruled, and let f : X ^ X be a ramified endomorphism of degree d > 1. 
Then X is (up to etale cover) a projectivised bundle P{E) over a torus A of algebraic 
dimension zero, f induces an endomorphism on A of degree at least two, and E is 
a direct sum of line bundles. 

If the algebraic dimension is zero, we have the following elementary, but useful 
lemma at our disposition. 

6.3. Lemma. Let X be a compact Kahler threefold of algebraic dimension zero 
and let f : X X be an endomorphism of degree d > 1. Suppose that X admits a 
fibration ip : X —> S onto a normal surface S. Then there exists an endomorphism 
g : S ^ S such that g o ip = ip o g. 

Proof. By a theorem of Fischer and Forster |FF79[ Thm.] there exist only finitely 
many divisors on X. Since the images and preimages of divisors are divisors, we 
see that / induces a bijective map on the set of divisors on X. Since this set is 
finite, some iteration f'' induces the identity. 
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By the rigidity lemma it is sufficient to prove that any (/3-fibre is mapped by / into 
a (p-Rhre. By what precedes we may suppose that this is true for the divisorial 
fibre components. Since S contains only finitely many curves, it also holds for the 
general (^-fibres. □ 



Proof of Theorem \6.2l The rationally connected quotient is an almost holomorphic 
map ip : X --^ S onto a compact Kahler surface of algebraic dimension zero. By 
Lemma [2. 181 we can replace by a singular K3 surface or a torus without curves, so 
we may suppose that (p is holomorphic. By Lemma [631 there exists a holomorphic 
map g : S ^ S such that ip o f = g o ip. Since S does not contain any curves, the 
(/9-singular locus is a finite union of points. 

1st case, g is an automorphism. Since the (/5-singular locus is a finite union of points, 
the conditions of Proposition [2T6] are satisfied (if S* is a singular K3 surface, we also 
use Corollary l2.19p . Thus after finite base change X is bimeromorphic to 5 x P^. 
In particular it has algebraic dimension at least one, a contradiction. 



case, g is not an automorphism. We claim that 5 is a torus: otherwise S 
would be a singular K3 surface and by Proposition 12.211 there exists a Galois cover 
by a torus v : A ^ S that is etale in codimension one such that g lifts to an 
endomorphism gA ■ A ^ A of degree degg. The following commutative diagram 
and the universal property of the fibre product show that / lifts to an endomorphism 
f -.X xsA^X xsA. 

a univ. prop, fibre prod. 

X xs A ^- y ^- y-X xs A 



X ^X 



A- 




S ^-S* 



■A 



Since the endomorphism gA is etale and A does not contain any curves, the mor- 
phism p' is smooth by Proposition 12.141 Thus the reduction of every p-6bre is 
isomorphic to P^. Suppose that there exists a non-reduced fibre (p~^{s): then 
—Kx ■ 'P~^{s) = 2 implies that the fibre is a double P^ and the reduced fibre I 
satisfies —Kx -1 = 1. By a theorem of Ein-Kollar |Kol91l Thm.5.3] the rational 
curve I deforms in a one-dimensional family that covers a surface D in X. Since p 
is equidimensional, p{D) is a curve in S, a contradiction. Thus we see that p is a 
smooth map and hence is a smooth Kahler surface of algebraic dimension zero 
that admits an endomorphism of degree at least two. This shows that is a torus. 

Up to replacing X by an etale cover, we can suppose that X — ¥{E) where E is a 
rank two vector bundle which splits by Lemma [631 below. □ 



The same proof shows the following statement. 
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6.4. Proposition. Let X he a compact Kdhler threefold, and let f : X ^ X be 

an ramified endomorphism of degree d > I. Suppose that the rationally connected 
quotient is a fibration ip : X ^ S onto a normal Kdhler surface without curves. 
Suppose furthermore that the induced endomorphism g : S ^ S has degree at least 
two. Then S is a torus and X a -bundle over S . 

6.5. Lemma. Let A be a two-dimensional torus of algebraic dimension zero, and let 
(fi : X = P{E) A be the projectivisation of a rank two vector bundle E. Suppose 
that there exists a ramified endomorphism f : X ^ X and an etale endomorphism 
g : A ^ A of degree at least two such that g o ip = ip o f . If the algebraic dimension 
of X is zero, then E is (up to finite etale base change) a direct sum of line bundles. 



Remark. The statement of the lemma as well as the techniques in the proof are 
similar to [AmeOS^ Thm.2]. Nevertheless there is an important difference due to 
the condition on A: our conclusion holds after etale base change. 



Proof. Since X has algebraic dimension zero, there exist only finitely many divisors 
on X. Thus up to replacing / by some multiple we can suppose that f^^{D) = D 
for every irreducible effective divisor on X. Since / is ramified, there exists an 
effective divisor D C R and we denote by fn ■ D ^ D the restriction of / to D. 
The torus A does not contain any curve, so the holomorphic map (po : D A is 
surjective and not ramified. Since g o ipn = 'Pd ° fo and g etale of degree at least 
two. Proposition 12.141 shows that ipo does not have any higher-dimensional fibres. 
Thus <^_D is etale and I? is a torus of algebraic dimension zero. Making an etale 
base change D ^ A, we can suppose that 13 is a (/^-section. Moreover the following 
commutative diagram and the universal property of the fibre product show that / 
lifts to an endomorphism f: XxaD^Xx^D. 

a univ. prop, fibre prod. 

X XaD ■■ >-X xaD 

/' 





D- 



fr. 




D 



Thus up to finite etale base change the ramification divisor R has one irreducible 
component Di that is a (^-section. Since any endomorphism of of degree at 
least two ramifies in at least two points, this implies that R has at least another 
irreducible component D2. Arguing as before we see that D2 is an etale cover of A. 
Moreover the intersection with Di is empty since Di does not contain any curves. 
Up to making a second etale base change D2 A we can suppose that ip has two 
disjoint sections. Thus E is a direct sum of fine bundles. □ 



6.C. Proof of Theorem [TTSt algebraic dimension one. 
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6.6. Theorem. Let X he a compact Kahler threefold of algebraic dimension one 
which is uniruled, and let f : X —f X he a ramified endomorphism of degree d > 1. 
Then (up to etale cover) one of the following holds: 

1. ) X is a product S x , where S is a compact Kahler surface of algehraic 

dimension zero and f induces an automorphism on S. 

2. ) X is a projectivised bundle P{E) over a torus A of algebraic dimension at 

most one such that the induced morphism on A has degree at least two and 
E is a direct sum of line bundles. 

Proof of Theorem \6.6l The rationally connected quotient is an almost holomorphic 
map (fi : X S onto a compact Kahler surface of algebraic dimension at most 
one. 

1st case. S has algehraic dimension one 

Up to replacing S" by a bimeromorphic model, we may suppose that 5 is a relatively 
minimal elliptic surface Tp : S ^ C. Since a{S) = 1 there does not exist any curve 
in S that surjects onto C. The general fibre of t}; o (p : X C is uniruled, hence 
algebraic, soipotp extends to a holomorphic map by Corollary [331 Furthermore we 
know by [CPOOl Cor. 7. 3] that the general ^po^p-^hIe is isomorphic to P(0£;©L) —^ E 
where E is an elliptic curve and L is a numerically trivial line bundle that is not 
torsion. 



By Proposition l2.9l there exists a meromorphic endomorphism g : S S such that 
g o (p = ip o f . Thus by Proposition 12. 121 there exists an endomorphism gc ■ C ^ C 
such that gc ° — ° 9- Thus we get a commutative diagram 



and make another case distinction. 




a) gc is an automorphism. We will show that this case does not exist: the restric- 
tion of / to the general fibre Xc — V{Oe® L) gives an endomorphism fc ■ Xc ^ Xc 
degree d> 1. Denote hy tt : Xc ^ E the canonical projection, then there exists an 
endomorphism gs ■ E E such that 5_b o tt = tt o /c. Note that gs can't be an 
automorphism: otherwise Amerik's theorem |Ame03l Thm.l] would imply that Xc 
is a product after etale cover, so L is a torsion line bundle. We will now use the 
Mori program: since X is uniruled, it admits a contraction. 

Suppose first that X admits a fibre type contraction. Since X contains only one 
covering family of rational curves and the rationally connected quotient is only 
defined up to birational equivalence, we can suppose that the contraction is the 
rationally connected quotient tp : X ^ S. Since p is fiat, the rigidity lemma 
implies that g extends to a holomorphic endomorphism g : S S. Since the 
restriction of g to a general ip-Rhre is gs, we see that g has degree at least two. 
Thus S" is a torus |FN05j and admits an endomorphism g of degree at least two 



such that gc ° ^ = 'ip ° g- Since gc is an automorphism, Proposition 14.61 impHes 
that S is isogenous to a product of elliptic curves, a contradiction to a{S) = 1. 

If X admits a contraction of birational type ^ : X ^ X' ,we argue using Proposition 
13.101 First observe that the composed map o ip : X ^ C is locally projective 
(blow up to make ip a (locally projective) morphism, then a priori ipoip might only 
locally Moishezon, but |CP04| Thm.10.1] gives local projectivity). Then change 
possibly /i to get local projectivity of the induced map t' : X ^ C. Then we get 
inductively a sequence of a compact manifolds bimeromorphically equivalent to a 
Kahler manifold 

X — Xq Xi ^ . . . ^ Xn 

such that Xn admits a fibre type contraction and gc is an automorphism. But we 
have just seen that such a X„ does not exist (the Kahler property is not needed 
there). 

b) gc is not an automorphism. In this case the curve C is elliptic or P^. We 
can't have C ~ P^, since otherwise S is algebraic by Proposition 12.221 Thus C is 
eUiptic and the endomorphism gc is etale. It follows by Lemma [2. 151 that ^ o ip is 
a submersion, thus all the fibres are uniruled and have bi{Xc) = b2{Xc) = 2. This 
easily implies that all the fibres are P^-bundles over elliptic curves. Thus (p extends 
to a holomorphic map and X is a P^-bundle over S which is an elliptic bundle 
over S. Since S is Kahler but not algebraic, it follows from |BHPVdV04| V.5.B)] 
that 5 is a torus of algebraic dimension one. Thus the meromorphic endomorphism 
g : S --^ S also extends to a holomorphic map of degree at least deg gc- Up to 
making an etale base change, we can suppose X ~ P(i?), where E is a rank two 
vector bundle which splits by Lemma [6?7l below. 

2nd case. S has algebraic dimension zero 

In this case X is bimeromorphic to P^ x S' where S" is a compact Kahler surface 
of algebraic dimension zero |CP00l Cor. 7. 6]. The general fibre of the algebraic 
reduction is bimeromorphic to S, so by Proposition 13.41 we have a holomorphic 
algebraic reduction r : X — > P^. On the other hand, we know by Lemma r2.18l 
that, up to replacing S by some bimeromorphic normal model, we may suppose 
that S does not contain any curves. Thus we may suppose that the rationally 
connected quotient is a holomorphic map (p : X ^ S, so we get a holomorphic map 
r X (fi : X ^ X S of degree one. In particular we have 

r*Opi(l)./=l, 

where / is a general (/3-fibre. We know by Proposition 12.91 that there exists an 
endomorphism gs : S ^ S such that gs o ip — (p o f . Moreover by Proposition l2.12l 
there exists an endomorphism g^i : P^ — + P^ such that gpi or — r o f. Together 
they induce an endomorphism gpi x 175 : P^ x 5 P^ x 5 such that we have a 
commutative diagram 

/ 

X ^X 



X S - — ^ pi X 5 



We distinguish two cases: 
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a) gs is not an automorphism. By Proposition 16.41 we know that X S is a P^- 
bundle and S" is a torus. Since r*Opi (1) • / = 1 the fibres of the algebraic reduction 
are (/5-sections. Thus r x ip is an isomorphism onto x and we are in the second 
Case of Theorem [63] (in this case E ~ 

b) gs is an automorphism. Since r x ip has degree one, this impUes that gpi has 
degree d. Let r2 C P^ x S* be the set such that the r x (p-fibre has dimension two. 
Then T2 is finite and by Proposition 12.141 the endomorphism gpi x gs is totally 
ramified in every point of T2. Since gs is an automorphism, this shows that gpi has 
ramification order d in every point of ppi(T2). 

We will now use Mori theory to discuss the structure of X: since X is uniruled it 
admits at least one contraction. 

hi) X admits a fibre type contraction ip : X ^ S' . Then X is a P^- or conic bundle 
over the smooth surface S' (Theorem 13. Sp . Since X contains only one covering 
family of rational curves, the general V'-fibre is a general (p-fibre. The fibration 
jjj is flat, so the rigidity lemma shows that we have a factorisation r : 5' — > S' 
which is actually a birational map. Since p{X/S') = 1 and r*Opi(l) • / = 1, we 
see that %p is not a conic bundle. The endomorphism gs is an automorphism, so 
the endomorphism gs' induced by / on S' is an automorphism. We satisfy the 
conditions of Proposition 12. 16^ so there exists an etale cover of S" such that X 
becomes a product after base change. Thus we are in the flrst case of Theorem l6.6l 
Note furthermore that / — {gs, h) since the space of endomorphism of P^ is afline 
|Ame03[ Lemma 1.2]. 

b2) X admits a birational contraction ip : X X' . Denote by E the exceptional 
locus. Since S does not contain any curve, E is contained in a higher-dimensional 
fibre of ip. Since there are only finitely many higher-dimensional fibres, we can 
suppose (up to replacing / by f'^) that f~^{E) = E. In particular we get an 
endomorphism /' : X' — > X' of degree d such that f o ip = ip o f . We claim that ip 
is of type 3.) in Theorem I3.5[ i.e. it contracts a divisor onto a smooth curve. 

Proof of the claim: We argue by contradiction and suppose that ip contracts a divi- 
sor E onto a point. Since all the curves contained in E are numerically equivalent 
and P^ X S* does not contain any ruled surface (recall that S contains no curve), 
we see that r x ip maps E onto a point c contained in T2. By what precedes, the 
endomorphism g^i has ramification order d in ppi(c). Denote by Xc = r*c the 
r-fibre over c. Since gpi o r — r o f and gpiC = dc, we have 

dX, - f*X,. 

Thus the ramification order of / along E C Xc equals d and E^ = iV|, 7^ by 
Theorem[331 Since f^^{E) = E, this contradicts Corollary[331 □ 

Thus X' is smooth and since S does not contain any curves, there exists a holo- 
morphic map ip' : X' ^ S such that ip = ip' o ijj. Note that we also obtain a 
morphism 

t:X'^¥ixS. 

Instead of applying Proposition 13.101 which is tedious, we argue as follows. We 
apply directly |Nak87j to the projective morphism 

r X ip : X ^¥ix S 
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and obtain a possibly new birational morphism v : X ^ X' and a factorisation 
X' ^ Vi y. S which is again projective. Since Pi x is Kahler, so is X' . Arguing 
by induction, we get a sequence of birational contractions 

X = Xa Xi ^ . . . Xn 

such that Xn is compact Kahler, admits an endomorphism /„ : X„ Xn of degree 
d and a fibre type contraction. By Case a) there exists an etale cover of Xn by 
Sn X and /„ = hn) where g„ is an automorphism of Sn and : P^ ^ P^ 
an endomorphism of degree d. Since 

7ri(X)~^i(Xi)~...~^i(X„) 

we can suppose that X„ — Sn x P^. The manifold Xn-i is obtained by blowing up 
a curve C„ such that /^^(C„) = C„. It is elementary to see that such a curve is 
necessarily of the form s„ x P^ where s„ € S'„ is a point. Thus Xn-i — Bl^^Sn x P^ 
and we conclude inductively that we are in the first case of Theorem 16.61 □ 

6.7. Lemma. Let A he a two-dimensional torus of algebraic dimension one, and let 
Lp : X = V{E) ^ A he the projectivisation of a rank two vector bundle E. Suppose 
that there exists a ramified endomorphism f : X ^ X and an etale endomorphism 
g : A A of degree at least two such that g o ip = ip o f . If the algebraic dimension 
of X is one, then E is (up to etale cover) a direct sum of line bundles. 

Proof. Let Tp : A E he the algebraic reduction of the torus A, and denote 
hy gs ■ E E the endomorphism induced by g on E. Since X has algebraic 
dimension one, ^poip is the algebraic reduction of X. Since / is ramified and g etale 
any effective divisor D C R maps surjectively onto A, in particular it is not a polar 
divisor. Since there are only finitely many non-polar divisors |FF79t Thm.], we can 
suppose (up to replacing / by some power) that f~^{D) = D for every irreducible 
component oi D C R effective divisor on X. 

Denote hy fn ■ D D the restriction of / to some D C R. Since goifio — fo^fo 
and g is etale of degree at least two. Proposition 12.141 shows that ipo does not 
have any higher-dimensional fibres. If <pD is ramified, the branch locus A C A 
is a finite union of curves such that g^^{/S.) — A. Yet this implies that gE is 
an automorphism, so A would be algebraic by Proposition 14.61 Thus is etale 
and D a torus. Arguing as in the proof of Lemma [631 we see that up to etale base 
change, the ramification R has at least two irreducible components: one component 
Di that is a (/^-section and a second D2 that is an etale cover of A. Moreover the 
intersection with is empty since Di n D2 would be a bunch of curves such that 
fi)l{Di n D2) = Di n D2. Once more Proposition 14.61 would then imply that 
I?i ~ A is algebraic. Thus up to making a second etale base change D2 A, 
we can suppose that ip has two disjoint sections. Thus E is a direct sum of line 
bundles. □ 

6.D. Proof of Theorem II. 3t algebraic dimension two. 

6.8. Theorem. Let X be a compact Kahler threefold of algebraic dimension two 
which is uniruled, and let f : X ^ X be a ramified endomorphism of degree d > 1. 
Then (up to etale cover) one of the following holds: 
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1. ) X is a prodcut F x where Y is a surface of algebraic dimension one and 

f induces an automorphism on Y or 

2. ) X is a projectivised bundle P(_E) over a torus A of algebraic dimension one 

and f induces an endomorphism g of degree at least two on A. 

6.9. Remarks. 1. It is obvious that the Hst is effective: in the second case take 
X := A xT^ with A a torus of algebraic dimension one. The following example 
shows that in the second case X is in general not a product after etale cover. 

Let E be an elliptic curve without complex multiplication, and let L be a numer- 
ically trivial line bundle on E that is not torsion. By jNakQ2l Prop. 5] there exists 
a ramified endomorphism h : f{OE ® L) ^ P(C'e ® L) preservering the fibration 
such that ^(Oe ® L) ^ E and inducing an endomorphism gs ■ E ^ E of degree 
at least two. Since End{E) ~ Z it is clear that gE is of the form x ^ nx + e for 
some e G E. Let now ^p : A E he a torus of algebraic dimension one, and let 
g : A^ Ahe the endomorphism x nx + a where a G ip~^{s)- Then we obviously 
have gE ° ip — ip o g. 

The fibre product X := F{Oe ® L) Xe A is a P^-bundle over A that is not a 
product, even after etale cover. An easy diagram chase shows that X admits 
a ramified endomorphism / preserving the P^ -bundle structure and inducing the 
endomorphism g on A. 

2. One might also ask for a more precise classification of the vector bundle E in 
the second case of the theorem: if ^4 ^ B is the algebraic reduction of A, it is not 
hard to see E\a^ — Li,(B Lbi^Tf,, where Tj, is a torsion line bundle on Ai,. Since Lf, 
and Th might deform with b G B, a further discussion is quite tedious and we leave 
it as an exercise to the interested reader. 



Proof of Theorem \6.8l The rationally connected quotient is an almost holomorphic 
map ip : X S onto a compact Kahler surface of algebraic dimension one [CPOQl 
Thm.9.1]. 

Up to replacing by a bimeromorphic model, we may suppose that is a relatively 
minimal eUiptic surface ^ : S ^ C. Since a{S) = 1 there does not exist any curve 
in S that surjects onto C. The general fibre of iIj o ip : X --^ C is uniruled, hence 
algebraic, so i/" ° V extends to a holomorphic map by Corollarv 13.31 



By Proposition l2.9l there exists a meromorphic endomorphism g : S --^ S such that 
goip = (po f . Thus by Proposition 12. 121 there exists an endomorphism gc ■ C ^ C 
such that gc o ip = o g- Thus we get a commutative diagram 




1st case, gc is not an automorphism. In this case the curve C is elliptic or P^. We 
can't have C ~ P^, since otherwise S is algebraic by Proposition 12.221 Thus C is 
eUiptic and the endomorphism gc is etale. It follows by Lemma [2. 151 that ipoip is a 



submersion. The general fibre Xc is uniruled and the base of its rationally connected 
quotient is an eUiptic curve Sc = '4>~^{c), so hi{Xc) — 2. Since -0 o is smooth, 
this implies that the rationally connected connected quotient of all the fibres is 
a holomorphic fibration over an elliptic curve. Thus Lp extends to a holomorphic 
map and S is an elliptic bundle over the elliptic curve C. Since S is Kahler but 
not algebraic, it follows from |BHPVdV04l V.5.B)] that S" is a torus of algebraic 
dimension one. Thus the meromorphic endomorphism g : S S extends to a 
holomorphic etale map of degree at least Aeggc > 1. Thus by Proposition 12.141 
the (^-singular locus A is empty or a finite union of curves such that g~^{A) = A. 
Since S has algebraic dimension one, the irreducible components of A are ^/^-fibres. 
Thus 5~^(A) — A impHes ^^^(^'(A)) = V'(A). Since gc is etale, we see that V'(^) 
is empty. Thus X is a P^-bundle over the torus S and (up to another etale base 
change) we are in the second case of Theorem 16.81 

2nd case, gc is an automorphism. We will use Mori theory to discuss the structure 
of X: since X is uniruled it admits at least one contraction. 

a) X admits a fibre type contraction. Since X contains only one covering fam- 
ily of rational curves and the rationally connected quotient is only defined up to 
bimeromorphic equivalence, we can suppose that the contraction is the rationally 
connected quotient ip : X ^ S. Then X is a P^- or conic bundle over the smooth 
surface S (Theorem 13. 5p which is an eUiptic surface over C. Since ip is flat, the 
rigidity lemma implies that g extends to a holomorphic endomorphism g : S ^ S. 

al) g is not an automorphism. In this case 5' is a torus and admits an endomor- 
phism g of degree at least two such that gc°ip = ^°9- Since gc is an automorphism. 
Proposition 14.61 impHes that S is isogenous to a product of eUiptic curves, a contra- 
diction to a{S) = 1. 

a2) g is an automorphism. .We claim that in this case the variety X admits a 
holomorphic eUiptic flbration r : X ^ Y such that a{Y) — 2, i.e. the algebraic 
reduction of X can be taken holomorphic. 

Proof of the claim. Let M C S" be an irreducible curve. By Kodaira's classification 
of fibres of eUiptic fibrations, the normahsation M ^ M is an eUiptic or rational 
curve. Set 

Xm ■.= 'f-^{M), 

then the general fibre of (pM ■ Xm M is a or two P^'s meeting transversally 
in a point. Moreover (up to replacing / by some power) the restriction of / to Xm 
gives an endomorphism 

/m : Xm ^ Xm 

such that g\M o V'm = o /m- Denote by Xm Xm the normalisation and by 
ifM ■ Xm M the induced map, then /m lifts to an endomorphism /m : Xm — > 
Xm such that gl^^ o ipM = pm ° Im- The general fibre of pM is a P^ or a disjoint 
union of two P^'s and we denote by the same letter pM '■ Xm M' its Stein 
factorisation. It is well-known that this new fibration is a P^-bundle and M' M 
ramifies exactly in the points where the (/?-fibre is a double line. Since such a point 
gives a singular point of the discriminant locus A C S and A is necessarily contained 
in V'-fibres, Kodaira's classification shows that there are at most two ramification 
points. Thus we see that M' is eUiptic or rational. 
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The P^-bundle Xm M' admits an endomorphism of degree at least two such 
that the induced endomorphism on M' is an automorphism (here we use that g 
is an automorphism). Thus by Amerik's theorem 12.161 there exists an etale cover 
E M' such that the fibre product Xm x mi E is a product ExF^ and there exists 
a finite group G acting diagonally on x such that Xm = {E x pi)/G. Thus 
the projection on the second factor E x ¥^ induces a fibration tm ■ Xm ~* 

F^/G ~ P^. This fibration descends to a fibration Xm F^: this is clear in the 
complement of the non-normal locus and the non-normal locus gives a section of 
Xm ^ M', so by construction it is contracted by rM- 

The construction of the algebraic reduction r is now obvious: let Y be the normal- 
isation of the unique irreducible component oiC{X) parametrising a general fibre 
of the algebraic reduction (the algebraic reduction is almost holomorphic by Thm. 
13. 2[ so this is well-defined). Let F — > y be the universal family over Y and denote 
by p :T ^ X the natural map. Then p is an isomorphism: it is sufficient to check 
that the fibre over every point x G X is a singleton, but this is obvious since x is 
contained in some Xm P^ which reaHses F — > F "locally". This proves the claim. 

Since the endomorphism / preserves the algebraic reduction, we clearly have a 
meromorphic map gy '■ Y Y. We have constructed the variety Y as the nor- 
malisation of some component of C(X), thus we can identify gy generically to the 
push-forward of cycles Since /* is a holomorphic map on the Chow scheme, we 
see that gy extends to a holomorphic map. Since g is an automorphism, the endo- 
morphism gy has degree at least two. By [CPOOj . there exists a fibration r : F — > C, 
and it is easy to check that gc ° t = t o gy. Since gc is an automorphism and Y 
is uniruled, we deduce by [NakOSl Lemma 6.1.1,(2)] that F is a P^-bundle over C. 
Moreover another application of Amerik's theorem shows that Y (after etale base 
change) a product C x P^ Thus the fibre product Y XcS is a. product 5 x and the 
endomorphisms g and gy induce an endomorphism /' : S* x P^ ^ x P^ of degree 
at least two. Since the space of endomorphisms of P^ is affine, we have /' = {g, h) 
where /i : P^ — > P^ is an endomorphism of degree at least two. By the universal 
property of the fibre product there exists a holomorphic map ^ : X ^ S xF^ . We 
claim that ji has degree one. Since 

h2{X) = h2{S) + l = b2{SxF^) 

it is obviously finite and therefore X ~ S xF^ . 

Proof of the claim. By construction we have a commutative diagram 

X *- 5 X pi 

/ /' 
X ^ X pi 

S 

and we denote by M the branch locus of ^. A straightforward adaptation of Propo- 
sition [2lT4] to the case of finite maps shows that f'~^{M) = M. Since / = {g^h) 
with h of degree at least two, the divisor M is of the form pg^{D) for some divisor 
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D on S. In particular if s € 5 is general point, the restricted map 

is not ramified. Since is simply connected and ^p^^{s) irreducible, the restriction 
^i\ip-i-[s) has degree one. This proves the claim. 

h) X admits a hirational contraction ip : X X' . Denote by E the exceptional 
divisor. Since the fibers of X ^ C are algebraic, the divisor E must be contained 
in some fiber Xc- Hence - at least after passing to some /'^ - we have f~^{E) = E 
and E is not contained in the branch locus by Lemma [2]T5l Thus by Corollary [321 
the contraction ij^ is the blow-up of a smooth curve C C X' and X' is a compact 
Kahler manifold. Thus we can proceed inductively and get a sequence 

X = Xo Xi . . . ^ Xn 

such that Xn is compact Kahler, admits an endomorphism /„ : Xn Xn of degree 
d and a fibre type contraction. By Case a) we know that Xn ~ S'„ x P^. We can 
now argue in the proof of Theorem 16.61 to see that X ~ 5 x P^ . □ 
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